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An holomorphic study of the Smarandache 
concept in loops 


Temitopé Gbdldhan Jafyéold! 
Department of Mathematics, Obafemi Awolowo University 


lle Ife, Nigeria. 


Abstract If two loops are isomorphic, then it is shown that their holomorphs are also 
isomorphic. Conversely, it is shown that if their holomorphs are isomorphic, then the loops 
are isotopic. It is shown that a loop is a Smarandache loop if and only if its holomorph is 
a Smarandache loop. This statement is also shown to be true for some weak Smarandache 
loops (inverse property, weak inverse property) but false for others (conjugacy closed, Bol, 
central, extra, Burn, A-, homogeneous) except if their holomorphs are nuclear or central. A 
necessary and sufficient condition for the Nuclear-holomorph of a Smarandache Bol loop to be 
a Smarandache Bruck loop is shown. Whence, it is found also to be a Smarandache Kikkawa 
loop if in addition the loop is a Smarandache A-loop with a centrum holomorph. Under this 
same necessary and sufficient condition, the Central-holomorph of a Smarandache A-loop is 


shown to be a Smarandache K-loop. 


Keywords Holomorph of loops; Smarandache loops. 


81. Introduction 


The study of Smarandache loops was initiated by W.B. Vasantha Kandasamy in 2002. 
In her book [19], she defined a Smarandache loop (S-loop) as a loop with at least a subloop 
which forms a subgroup under the binary operation of the loop. For more on loops and their 
properties, readers should check [16], [3], [5], [8], [9] and [19]. In her book, she introduced 
over 75 Smarandache concepts on loops. In her first paper [20], she introduced Smarandache 
: left(right) alternative loops, Bol loops, Moufang loops, and Bruck loops. But in this paper, 
Smarandache : inverse property loops (IPL), weak inverse property loops (WIPL), G-loops, 
conjugacy closed loops (CC-loop), central loops, extra loops, A-loops, K-loops, Bruck loops, 
Kikkawa loops, Burn loops and homogeneous loops will be introduced and studied relative to 
the holomorphs of loops. Interestingly, Adeniran [1] and Robinson [17], Oyebo [15], Chiboka 
and Solarin [6], Bruck [2], Bruck and Paige [4], Robinson [18], Huthnance [11] and Adeniran [1] 
have respectively studied the holomorphs of Bol loops, central loops, conjugacy closed loops, 
inverse property loops, A-loops, extra loops, weak inverse property loops and Bruck loops. 

In this study, if two loops are isomorphic then it is shown that their holomorphs are also 
isomorphic. Conversely, it is shown that if their holomorphs are isomorphic, then the loops are 
isotopic. 

It will be shown that a loop is a Smarandache loop if and only if its holomorph is a 
Smarandache loop. This statement is also shown to be true for some weak Smarandache loops 
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(inverse property, weak inverse property) but false for others (conjugacy closed, Bol, central, 
extra, Burn, A-, homogeneous) except if their holomorphs are nuclear or central. A necessary 
and sufficient condition for the Nuclear-holomorph of a Smarandache Bol loop to be a Smaran- 
dache Bruck loop is shown. Whence, it is found also to be a Smarandache Kikkawa loop if 
in addition the loop is a Smarandache A-loop with a centrum holomorph. Under this same 
necessary and sufficient condition, the Central-holomorph of a Smarandache A-loop is shown 
to be a Smarandache K-loop. 


§2. Definitions and Notations 


Let (L,-) be a loop. Let Aum(L,-) be the automorphism group of (L,-), and the set H = 
(L,-)x Aum(L,-). If we define ’o’ on H such that (a,2)0(G,y) = (a8, xB-y) V (a,x), (6, y) € A, 
then H(L,-) = (H,°) is a loop as shown in Bruck [2] and is called the Holomorph of (LZ, -). 

The nucleus of (L,-) is denoted by N(L,-) = N(L), its centrum by C(L,-) = C(L) and 
center by Z(L,-) = N(L,-) A C(L,-) = Z(L). For the meaning of these three sets, readers 
should check earlier citations on loop theory. 

Ifin L, x~!- ra € N(L) or za- x7! € N(L)V xe Landae Aum(L,-), (H,°) is called 
a Nuclear-holomorph of L, if «~!- xa € C(L) or ra- 27+ € C(L) V xe Landae Aum(L,:), 
(H, ©) is called a Centrum-holomorph of L hence a Central-holomorph if 2~!- aa € Z(L) or 
za-x te Z(L)VxeLandae Aum(L,:). 

For the definitions of automorphic inverse property loop (AIPL), anti-automorphic inverse 
property loop (AAIPL), weak inverse property loop (WIPL), inverse property loop (IPL), Bol 
loop, Moufang loop, central loop, extra loop, A-loop, conjugacy closed loop (CC-loop) and 
G-loop, readers can check earlier references on loop theory. 

Here, a K-loop is an A-loop with the AIP, a Bruck loop is a Bol loop with the AIP, a Burn 
loop is Bol loop with the conjugacy closed property, an homogeneous loop is an A-loop with 
the IP and a Kikkawa loop is an A-loop with the IP and AIP. 

Definition 2.1. A loop is called a Smarandache inverse property loop (SIPL) if it has at 
least a non-trivial subloop with the IP. 

A loop is called a Smarandache weak inverse property loop (SWIPL) if it has at least a 
non-trivial subloop with the WIP. 

A loop is called a Smarandache G-loop (S'G-loop) if it has at least a non-trivial subloop that 
is a G-loop. 

A loop is called a Smarandache CC-loop (SCCL) if it has at least a non-trivial subloop that 
is a CC-loop. 

A loop is called a Smarandache Bol-loop (SBL) if it has at least a non-trivial subloop that 
is a Bol-loop. 

A loop is called a Smarandache central-loop (SCL) if it has at least a non-trivial subloop 
that is a central-loop. 

A loop is called a Smarandache extra-loop (SEL) if it has at least a non-trivial subloop that 


is a extra-loop. 
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A loop is called a Smarandache A-loop (SAL) if it has at least a non-trivial subloop that is 
a A-loop. 

A loop is called a Smarandache K-loop (SKL) if it has at least a non-trivial subloop that is 
a K-loop. 

A loop is called a Smarandache Moufang-loop (SML) if it has at least a non-trivial subloop 
that is a Moufang-loop. 

A loop is called a Smarandache Bruck-loop (SBRL) if it has at least a non-trivial subloop 
that is a Bruck-loop. 

A loop is called a Smarandache Kikkawa-loop (SKWL) if it has at least a non-trivial subloop 
that is a Kikkawa-loop. 

A loop is called a Smarandache Burn-loop (SBNL) if it has at least a non-trivial subloop 
that is a Burn-loop. 

A loop is called a Smarandache homogeneous-loop (SHL) if it has at least a non-trivial 


subloop that is a homogeneous-loop. 


§3. Main Results 


Holomorph of Smarandache Loops 


Theorem 3.1. Let (Z,-) be a Smarandanche loop with subgroup (S,-). The holomorph 
Hg of S is a group. 

Theorem 3.2. A loop is a Smarandache loop if and only if its holomorph is a Smarandache 
loop. 

Proof. Let L be a Smarandache loop with subgroup S. By Theorem 3.1, (Hs, 0) is a group 
where Hg = Aum(S,-) x (S,-). Clearly, Hs ¢ H(L,-). So, let us replace Aum(S,-) in Hs by 
A(S,-) = {a € Aum(L,:) : sae SVs € S}, the group of Smarandache loop automorphisms 
on S as defined in [19]. A(S,-) < Aum(L,-) hence, Hg = A(S,-) x (S,-) remains a group. In 
fact, (Hs,0) C (H,°) and (Hg,0) < (H,o). Thence, the holomorph of a Smarandache loop is 
a Smarandache loop. 

To prove the converse, recall that H(L) = Aum(L) x L. If H(L) is a Smarandache 
loop then 3 Sy C A(L) 3 Sy < H(L). Sy Cc H(L) => J Bum(L) Cc Aum(L) and 
BCL 3 Sy = Bum(L) x B. Let us choose Bum(L) = {a € Aum(L) : bae BY be B}, 
this is the Smarandache loop automorphisms on B. So, (S'7,0°) = (Bum(L) x B,o) is expected 


to be a group. 

Thus, (a, 2) 0 (8,9) © (742)] = [(a,2) © (8,8) 0 (7,2) V a,y,2 © B, a,8,7 € Bum(L) © 
xpy: (yy: 2) = (a@By- yy) zea - (y+ 2) = (a'- y')-2zV a',y',z © B. So, (B,-) must be a 
group. Hence, LE is a Smarandache loop. 

Remark 3.1. It must be noted that if Aum(L,-) = A(S,-), then S' is a characteristic 
subloop. 

Theorem 3.3. Let L and L’ be loops. L = L’ implies H(L) = H(L’). 

Proof. If L = L’ then J a bijection a : LL’ 53 (a,a,a) : L— LL’ isan 
isotopism. According to [16], if two loops are isotopic, then their groups of autotopism are 
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isomorphic. The automorphism group is one of such since it is a form of autotopism. Thus ; 
Aum(L) = Aum(L’) > H(L) = Aum(L) x L = Aum(L’) x L’ = H(L’). 

Theorem 3.4. Let (Z,&) and (L’,@) be loops. H(L) = H(L’) } 26 ® yy = (x6 @ 
y)d Vaz,y EL, 6 € Aum(L) and some 6,7 € Sym(L’). Hence, y£Le5 = 6, ORey = 35 where e is 
the identity element in LE and £L,, Rx are respectively the left and right translations mappings 
of « € L’. 

Proof. Let H(L,®) = (H,0) and H(L’,®) = (4,0). H(L) = A(L')S 3¢: H(L)— 
H(L!) 3 (0,2) 0 (8,y)16 = (a,2)4 © (B,y)d. Define (a, 2)9 = (v-Larh, ator) V (a, 2) € 
(A, 0) and where |) : L — L’ is a bijection. 

H(L) = H(L') & (a6, 28 yo = (blag, abt a) © (Y~* Bb, yp" BY) > (bt aBy, (xB ® 
yb haBy) = (WtaBy, cy laBy ® yp! BY) = (#8 © y)b aby = 2 laBy ® yy! By & 
x26 @ yy = (xB @ y)6 where 6 = ya By, y = v1 BW. 

Furthermore, y£25 = Lag6 and dRy,y = BR, V x,y € L. Thus, with «= y=e, yLes = 6 
and dRey = (6. 

Corollary 3.1. Let L and L’ be loops. H(L) = H(L’) implies L and L’ are isotopic under 
a triple of the form (0, J, 6). 


Proof. In Theorem 3.4, let @ = J, then y = I. The conclusion follows immediately. 

Remark 3.2. By Theorem 3.3 and Corollary 3.1, any two distinct isomorphic loops are 
non-trivialy isotopic. 

Corollary 3.2. Let L be aSmarandache loop. If L is isomorphic to L’, then {H(L), H(L’)} 
and {L, L'} are both systems of isomorphic Smarandache loops. 

Proof. This follows from Theorem 3.2, Theorem 3.3, Corollary 3.1 and the obvious fact 
that the Smarandache loop property in loops is isomorphic invariant. 

Remark 3.3. The fact in Corollary 3.2 that H(L) and H(L’) are isomorphic Smarandache 
loops could be a clue to solve one of the problems posed in [20]. The problem required us to 


prove or disprove that every Smarandache loop has a Smarandache loop isomorph. 


Smarandache Inverse Properties 


Theorem 3.5. Let L be a loop with holomorph H(L). L is an IP-SIPL if and only if 
H(L) is an IP-SIPL. 

Proof. In an IPL, every subloop is an IPL. So if Z is an IPL, then it is an IP-SIPL. From 
[2], it can be stated that L is an IPL if and only if H(L) is an IPL. Hence, H(L) is an IP-SIPL. 
Conversely assuming that H(L) is an IP-SIPL and using the same argument L is an IP-SIPL. 


Theorem 3.6. Let L be a loop with holomorph H(L). L is a WIP-SWIPL if and only if 
H(L) is a WIP-SWIPL. 

Proof. In a WIPL, every subloop is a WIPL. So if L is a WIPL, then it is a WIP-SWIPL. 
From [11], it can be stated that L is a WIPL if and only if H(L) is a WIPL. Hence, H(L) isa 
WIP-SWIPL. Conversely assuming that H(L) is a WIP-SWIPL and using the same argument 
L is a WIP-SWIPL. 
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Smarandache G-Loops 


Theorem 3.7. Every G-loop is a SG-loop. 

Proof. As shown in [Lemma 2.2, [7]], every subloop in a G-loop is a G-loop. Hence, the 
claim follows. 

Corollary 3.3. CC-loops are SG-loops. 

Proof. In [10], CC-loops were shown to be G-loops. Hence, the result follows by Theorem 
3.7. 

Theorem 3.8. Let G be a CC-loop with normal subloop H. G/H is a SG-loop. 

Proof. According to [Theorem 2.1, [7]], G/H is a G-loop. Hence, by Theorem 3.7, the 
result follows. 


Smarandache Conjugacy closed Loops 


Theorem 3.9. Every SCCL is a SG-loop. 

Proof. If a loop L is a SCCL, then there exist a subloop H of L that is a CC-loop. 
CC-loops are G-loops, hence, H is a G-loop which implies L is a SG-loop. 

Theorem 3.10 Every CC-loop is a SCCL. 

Proof. By the definition of CC-loop in [13], [12] and [14], every subloop of a CC-loop is a 
CC-loop. Hence, the conclusion follows. 

Remark 3.4. The fact in Corollary 3.3 that CC-loops are SG-loops can be seen from 
Theorem 3.9 and Theorem 3.10. 

Theorem 3.11. Let L be a loop with Nuclear-holomorph H(L). L is an IP-CC-SIP-SCCL 
if and only if H(L) is an IP-CC-SIP-SCCL. 

Proof. If ZL is an IP-CCL, then by Theorem 3.5, H(L) is an IP-SIPL and hence by 
[Theorem 2.1, [6]] and Theorem 3.10, H(L) is an IP-CC-SIP-SCCL. The converse is true by 
assuming that H(L) is an IP-CC-SIP-SCCL and using the same reasoning. 


Smarandache : Bol loops, central loops, extra loops and Burn loops 


Theorem 3.12. Let L be a loop with Nuclear-holomorph H(L). L is a Bol-SBL if and 
only if H(ZL) is a Bol-SBL. 

Proof. If L is a Bol-loop, then by [17] and [1], H(L) is a Bol-loop. According to [Theo- 
rem 6, [20]], every Bol-loop is a SBL. Hence, H(L) is a Bol-SBL. The Converse is true by using 
the same argument. 

Theorem 3.13. Let L be a loop with Nuclear-holomorph H(L). L is a central-SCL if and 
only if H(L) is a central-SCL. 

Proof. If L is a central-loop, then by [15], H(L) is a central-loop. Every central-loop is a 
SCL. Hence, H(L) is a central-SCL. The Converse is true by using the same argument. 

Theorem 3.14. Let L be a loop with Nuclear-holomorph H(L). L is a extra-SEL if and 
only if H(ZL) is an extra-SEL. 

Proof. If L is a extra-loop, then by [18], H(ZL) is a extra-loop. Every extra-loop is a SEL. 
Hence, H(L) is a extra-SEL. The Converse is true by using the same argument. 


6 Temitépé Gbdlahan Jaiyéola No. 1 


Corollary 3.4. Let L be a loop with Nuclear-holomorph H(L). L is a IP-Burn-SIP-SBNL 
if and only if H(L) is an IP-Burn-SIP-SBNL. 
Proof. This follows by combining Theorem 3.11 and Theorem 3.12. 


Smarandache : A-loops, homogeneous loops 


Theorem 3.15. Every A-loop is a SAL. 

Proof. According to [Theorem 2.2, [4]], every subloop of an A-loop is an A-loop. Hence, 
the conclusion follows. 

Theorem 3.16. Let L be a loop with Central-holomorph H(L). L is an A-SAL if and 
only if H(L) is an A-SAL. 

Proof. If L is an A-loop, then by [Theorem 5.3, [4]], H(L) is a A-loop. By Theorem 3.15, 
every A-loop is a SAL. Hence, H(L) is an A-SAL. The Converse is true by using the same 
argument. 

Corollary 3.5. Let L be a loop with Central-holomorph H(L). L is an homogeneous-SHL 
if and only if H(L) is an homogeneous-SHL. 

Proof. This can be seen by combining Theorem 3.5 and Theorem 3.16. 


Smarandache : K-loops, Bruck-loops and Kikkawa-loops 


Theorem 3.17. Let (Z,-) be a loop with holomorph H(L). H(L) is an AIPL if and 
only if 26-13 -yJ = (x- yo ")J V ay € L and aB = Ba V a,8 € Aum(L,-). Hence, 
uJ -yJ =(z-w)J, vw -yJ =(a-w)J , at -yJ =(y-w)J , cd -yJ = (z-a)J , ad yd = 
(z-y)J, ec -yJ =(a-y)J, eJ-yJ=(y-a)JIV 2,y,2,w Ee S. 

Proof. H(L) is an AIPL © V (a,2x),(8,y) € H(L) ,[(a,z) 0 (8,y)]-' = (a,2)71 © 
(B,y)~* + (a8, 28-y)~* = (a~*, (wa~*)~*)0(B-*, (yB~")~*) & ((a8)~*, [(e8-y)(a8)-*]*) = 
(a-28-1, (za“)-18-1.(y8-1)-1) 49 af = Bo a, B € Aum(L,-) and (2(Ba)-})-?-(yB-2)-? = 
[ra~! - y(aB)—1]}-! & Aum(ZL,-) is abelian and (x(Ga)~!)J - y8-1J = [raq+ - y(aB)|J & 
Aum(L,-) is abelian and ae 18-1) J-yB1J = [xa~!-yB-la“"| J & Aum(L,-) is abelian and 
(2(Ba)~1)J-y8" J = [xa!-y(aB)-"]J = Aum(L, -) is abelian and z’8-1J-y' J = (a'-y’a+) J 
where 2’ = zaW', y = yf. 


What follows can be deduced from the last proof. 

Theorem 3.18. Let (L,-) be a Bol-SBL with Nuclear-holomorph H(L). H(L) is a Bruck- 
SBRL if and only if z@-'J- yJ = (- ya")J V 2,y € L and a8 = Ba Va, € Aum(L,:). 
Hence, 


1. Lis a Moufang-SML and a Bruck-SBRL. 
2. H(L) is a Moufang-SML. 


3. if LD is also an A-SAL with Centrum-holomorph H(L) then L is a Kikkawa-SKWL and so 
is H(L). 


Proof. By Theorem 3.12, H(L) is a Bol-SBL. So by Theorem 3.17, H(L) is a Bruck-SBRL 
& Aum(L,-) is abelian and x87! J -yJ = (a@-ya'")J V x,y e€ L. 
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1. From Theorem 3.17, L is a Bruck-SBRL. From Theorem 3.17, L is an AAIPL, hence L is 
a Moufang loop since it is a Bol-loop thus L is a Moufang-SML. 


2. L is an AAIPL implies H(Z) is an AAIPL hence a Moufang loop. Thus, H(L) is a 
Moufang-SML. 


3. If Z is also a A-SAL with Centrum-holomorph, then by Theorem 3.5, ZL and H(L) are 
both Kikkawa-Smarandache Kikkawa-loops. 


Theorem 3.19. Let (Z,-) be a SAL with an A-subloop S and Central-holomorph H(L). 
H(L) is a SKL if and only if x@-!J-yJ = (x-ya")J V z,y € S and a8 = BaVa,8€ A(S,:). 
Hence, L is a SKL. 

Proof. By Theorem 3.16, H(L) isa SAL with A-subloop Hg = A(S,-) x (S,-). So H(L) is 
a SKL if and only if Hg is a K-loop © A(S,-) is abelian and 23-1 J-yJ = (x-ya")JV a,ye€ 
S ,a,8 € A(S,-) by Theorem 3.17. Following Theorem 3.17, S is an AIPL hence a K-loop 
which makes L to be a SKL. 
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numbers of power p! 
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Abstract The main purpose of this paper is to study the arithmetical properties of the 
primitive numbers of power p by using the elementary method, and give some interesting 


identities and asymptotic formulae. 


Keywords Primitive numbers of power p; Smarandache function; Asymptotic formula. 


81. Introduction 


Let p be a fixed prime and n be a positive integer. The primitive numbers of power p, 
denoted as S,(n), is defined as following: 


S,(n) = min{m:m € N,p"|m!}. 


In problem 47,48 and 49 of [1], Professor F.Smarandache asked us to study the properties of 
the primitive numbers sequences {5,(n)}(n = 1,2,---). It is clear that {S,(n)}(n = 1,2,---) 
is the sequence of multiples of prime p and each number being repeated as many times as its 
exponent of power p is. What’s more, there is a very close relationship between this sequence 


and the famous Smarandache function S(n), where 
S(n) = min{m:m € N,n|ml}. 


Many scholars have studied the properties of S(n), see [2], [3], [4], [5] and [6]. It is easily to 
show that S(p) = p and S(n) < n except for the cases n = 4 and n = p. Hence, the following 
relationship formula is obviously: 


n(ey= 1+ > [2], 


where a(x) denotes the number of primes up to x, and [z] denotes the greatest integer less 
than or equal to «. However, it seems no one has given some nontrivial properties about the 
primitive number sequences before. In this paper, we studied the relationship between the 
Riemann zeta-function and an infinite series involving S,(n), and obtained some interesting 
identities and asymptotic formulae for S,(n). That is, we shall prove the following conclusions: 
Theorem 1. For any prime p and complex number s, we have the identity: 
St a) 
ain) pee 


n=1 
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where ¢(s) is the Riemann zeta-function. 
Specially, taking s = 2,4 and p = 2,3,5, we have the 
Corollary. The following identities hold: 


= 1 T = 1 T = 1 mt 
d S3(n) 1350’ Ss S4(n) 72007 dX St(n) 56160" 
Theorem 2. Let p be any fixed prime. Then for any real number x > 1, we have the 


asymptotic formula: 


= 1 1 per) 21 

= —— |Ine+y+ + O(a 2°), 
ea 
Sp(n) <a 


where ¥ is the Euler constant, « denotes any fixed positive number. 
Theorem 3. Let k be any positive integer. Then for any prime p and real number x > 1, 


we have the asymptotic formula: 


§2. Proof of the theorems 


To complete the proof of the theorems, we need a simple Lemma. 


Lemma. Let b,T are two positive numbers, then we have 


i 1 : . 
; a 140 (amin (1, -4>)), ifa>1; 
—ds = O (a? min (1, 75-)), if0<a<l; 
3+0(4), ifa=1. 
Proof. See Lemma 6.5.1 of [8]. 
Now we prove the theorems. First, we prove Theorem 1. Let m = S,(n), if p®||m, then the 
same number m will repeat a times in the sequence S,(n) (n = 1,2,---). Noting that 5,(n) 


(n = 1,2,---) is the sequence of multiples of prime p, we can write 


a 1 eee a a 
dsm ~ Dy ime 2 2X prem 
p*||m (m,p)=1 
“a 1 1 “a 
7 OS) =| + Oe 


Since 
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we have the identity 


St le) 
< S3(n) pe -1 
This completes the proof of Theorem 1. 
Now we prove Theorem 2 and Theorem 3. Let x > 1 be any real number. If we set 


a = ~*~ in the lemma, then we can write 
Sp(n) 


1 b+iT 0 a 
ao ————ds 
2nt I, d Sp *(n)s 
Sp(n)<a 
S sm+o| + a5 Lo e 
= n min | 1, , 
n=1 ° n=1 Sp “(n) Tin (5 +) 
Sp(n)Se Sp(n)Se , 
1 bHiT s oe b 1 
os —"__ds = O S- inn 1, ——\——_ ? (2) 
2rt Joi EA Sp "(n)s n=1 Sp “(n) Tln (s +) 
Sp(n)>x Sp(n)<a ‘ 


where k is any integer. Combining (1) and (2), we find 


1 b+HiT 5 © 1 
es a ne 
Qni io 8 2: Son) 


n=1 


co CO b 


= S- SE(n) +O DS ey min a . (3) 


n=1 n=1 
Sp(n)<x 


Then from Theorem 1, we can get 


oS Lf? fake 1 
kip) — GUS — Ra” bo: + 
= Ss(n) = a - (pF — Tl O | « min | 1, (4) 


Now we calculate the first term in the right side of (4). 
When & = —1, taking b = s and T = x, we move the integral line from s = 5 + iT to 
s= —4 + iT. This time, the function 


¢(s + 1)a* 
3) = a ae 
(ptt — 1)s 
have a second order pole point at s = 0. Its residue is aay (Inw +y- vp) . Hence, we can 


write 


1. pee ¢(s + 1)a* 
Qri Ji_zp (pett—1)s 


2 


1_; lis Lie 
1 l 1 —3-iT —_tiT git 1)x8 
= (ms ty = 2) : | + +/ See La (5) 
pod pol ant \ Ji_er -1-iT Stagg} (pet* — 1s 


ds 
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We can easily get the estimate 
ios i 
1 —371T gtitT +1)2° 
=o / 4 fi ig G a ag 
2m 4-iT —iHiT (pee? = 1s 
(petit —1)T 


5417 
wil ye GARI” 
Ini — 1)s 


Combining (4), (5), (6) and i ), we have 


= 1 1 
aS (me bqitee =f) + O(a7 2t®), 
= (n) ~p—1 


n)<a 


and 


This is the result of Theorem 2. 
When k > 1, taking b = k + 3 and T = «, we move the integral line of (4) from s =k + 3 
tos=k+ s. Now the function 


¢(s — k)ax* 
g(s) = (pF — 1s 
have a simple pole point at s = k +1 with residue (poet Using the same method we can 
also get 
2 S*(n) = cae ye O(akt2t¢), 
24 PR) = ETD) 
Sp(n)<a« 


This completes the proofs of the theorems. 
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Abstract In this paper, we have introduced Smarandache quasigroups which are Smaran- 
dache non-associative structures. W.B.Kandasamy [2] has studied Smarandache groupoids 


and Smarandache semigroups etc. Substructure of Smarandache quasigroups are also studied. 
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1. Introduction 


W.B.Kandasamy has already defined and studied Smarandache groupoids, Smarandache semi- 
groups etc. A quasigroup is a groupoid whose composition table is LATIN SQUARE. We define 


Smarandache quasigroup as a quasigroup which contains a group properly. 


2. Preliminaries 


Definition 2.1. A groupoid S such that for all a, b € S there exist unique x, y € S such that 
ax = 6 and ya = 6 is called a quasigroup. 
Thus a quasigroup does not have an identity element and it is also non-associative. 


Example 2.1. Here is a quasigroup that is not a loop. 


Oe ed Od 


opr wm] w]e] w 


PPM] wo] &] ory ot 


of B&lwlrmfe 
wlroa}ep]rmole|}w 
BlwlalRelwolaA 


We note that the definition of quasigroup Q forces it to have a property that every element of Q appears 
exactly once in every row and column of its operation tables. Such a table is called a LATIN SQUARE. 
Thus, quasigroup is precisely a groupoid whose multiplication table is a LATIN SQUARE. 

Definition 2.2. If a quasigroup (Q,*) contains a group (G,*) properly then the quasigroup is 
said to be Smarandache quasigroup. 


A Smarandache quasigroup is also denoted by S-quasigroup. 
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Example 2.2. Let Q be a quasigroup defined by the following table; 


ao a1 a2 a3 a4 


ao ao ay a3 a4 a2 


ay ay ao a2 a3 a4 


a2 a3 a4 ay a2 ao 


a3 a4 a2 ao ay a3 


a4 a2 a3 a4 ao ay 


Clearly, A = {ao, ai} is a group w.r.t. * which is a proper subset of Q. Therefore Q is a Smarandache 
quasigroup. 

Definition 2.3. A quasigroup Q is idempotent if every element x in Q satisfies x * x2 = a. 

Theorem 2.1. If a quasigroup contains a Smarandache quasigroup then the quasigroup is a 
Smarandache quasigroup. 

Proof. Follows from definition of Smarandache quasigroup. 


Example 2.3. (Q, x) defined by the following table is a quasigroup. 


1 
1 
4 
2 
3 


Pile] Dw] w] pw 
Nl w]eRe | |] w 


4 
2 
3 
1 
4 


Eel w]lnm |] rR 


(Q, *) is an idempotent quasigroup. 
Definition 2.4. An element x in a quasigroup Q is called idempotent if x.2 = a. 


Consider a quasigroup; 


oo}; BR lw]lm]e 
mo] ele] ofw]rR 
wlyo};sye]mole]w 
o}ye |] rm ]lo] BB] ow 
Blowlole|]wo] sz 
elm lwl] wa ]oloa 


Here 2 is an idempotent element. 
Example 2.4. The smallest quasigroup which is neither a group nor a loop is a quasigroup of 


order 3 as given by the following table; 


gq | q2 | 93 


qi | 1 | G2 | 43 


q2 | 93 | G1 | 2 


q3 | g2 | 93 | G1 
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3. A new class of Quasigroups 


V.B.Kandasamy [2] has defined a new class of groupoids as follows; 

Definition 3.1. Let Z, = {0,1,2,---,n—1}, n > 3. Fora, b © Z, define a binary operation x 
on Z, as: ax b= ta+ ub (mod n) where t, u are two distinct element in Z,, \ {0} and (t, u) = 1. Here 
+ is the usual addition of two integers and ta means the product of two integers t and a. We denote 
this groupoid by Z,(t, wu). 

Theorem 3.1. Let Z,(t,u) be a groupoid. If n = t+ u where both t and wu are primes then 
Zn(t, u) is a quasigroup. 

Proof. When ¢ and u are primes every row and column in the composition table will have distinct 
n element. As a result Z,(t, u) is a quasigroup. 

Corollary 3.1. If Z,(t, wu) is a groupoid and t+ u =p, (t,u) = 1 then Z,(t,u) is a quasigroup. 

Proof. Follows from the theorem. 

Example 3.1. Consider Z; = {0,1,2,3,4}. Let = 2 and u=3. Then 5 = 2+ 3, (2,3) = 1 and 


the composition table is: 


Blwlrmolelo 
wlelaAlrwmlolo 
Bl Blo lolwleH 
Blwoloflwlr)]rw 
wlolwlel]wA]w 
OflwlHel]pAlrwml aA 


Thus Z5(2,3) is a quasigroup. 

Definition 3.2. Let Z, = {0,1,2,--- ,n—1}, n> 3, < oo. Define x on Z, asa*xb=ta+ub 
(mod n) where t and u € Z, \ {0} and t = u. For a fixed integer n and varying t and wu we get a class 
of quasigroups of order n. 

Example 3.2. Consider Z; = {0,1,2,3,4}. Then Z5(3,3) is a quasigroup as given by the 
following table: 


BlwlmlR|o 
Nl RTE }]wlolo 
O}}/ml] Pfr] wfe 
wlo};ljwm{l] Ale] w 
PIlwlolml] A ]w 
Ble} wlo};wl] sé 


Definition 3.3. Let Zn = {0,1,2,--- ,n—1}, n> 3, < oo. Define * on Z, asa*xb=ta+ub 
(mod n) where ¢t and u € Z,, \ {0} and t= 1 and u=n-—1. For a fixed integer n and varying t and u 


we get a class of quasigroups of order n. 
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Example 3.3. Consider Zg = {0,1,2,3,4,5,6, 7}. Then %g(1,7) is a quasigroup as given by the 
following table: 


* 


aloafla;Alwl]mw}leto 
aloaflafAR}lwl]mw}lRelojsjo 
alaleRflwlwm]|elofraye 
ofmlowfmwoleElolrniloaspr 
Blwlmolelolraflala|w 
wlwnleEflolraljalas;aA ys. 
NVlFlolralalas Alwi]a 
PlolrjalalA;lwlrula 
OlNlaflalARlwl]wfejrn 


Definition 3.4. Let Z, = {0,1,2,--- ,n—1}, n> 3, < oo. Define * on Z, asa*xb=ta+t+ub 
(mod n) where ¢ and u € Zp \ {0} and (t,u) = 1, t+u =n and |t — uj is a minimum. For a fixed 
integer n and varying t and u we get a class of quasigroups of order n. 

Example 3.4. Consider Zg = {0,1,2,3,4,5,6, 7}. Then Zg(3,5) is a quasigroup as given by the 
following table: 


* 


oO ITNT RT RT OlTwlol}]o 


OPEN PPR IL al wloy]oayjyr 


Bl | al wl]o}]yo;yn sy ny]w 


PTLD wlroy;oulnwNmIlnNn) &] se 


a/AKRleEloalwlolasljrwl]yr 
alwloljaflwilJralalela 
wlofalmwl[ralaleE lala 
oflalwe lala le lalwln 


NI] QD] opel wolrwlrRjio 


Definition 3.5. Let (Q,*) be a quasigroup. A proper subset V of Q is called a subquaisgroup 
of Q if V itself is a quasigroup under *. 


Definition 3.6. Let Q be a quasigroup. A subquaisgroup V of Q is said to be normal subquais- 
group of Q if: 


1.aV=Va 
2. (Vx)y = V(ay) 
3. y(wV) = (yx)V 


for alla, xz, yE€Q. 
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Example 3.5. Let Q be a quasigroup defined by the following table: 


* 


NE] OO] opm] BP] wl mle r 


Cory] RD] orp wls mle] &] we 


COULD |] COIN NTR] eR] w]w 


Di_olynN}]ofrrli Pl wl] wo] es 


Bel_wlmy rR | o]nN ] ory am |] o 


PPR lL wl, nwel nt] olny] ayo 


MPR] ee] wo]oyatl;n s]oyrnNn 
wWlmlre |] &}] am] ov} co} N ] 


CO} DoT] wl wpeyTr 


Here V = {1,2,3,4} is a normal subquasigroup of Q. 
Definition 3.7. A subquasigroup is said to be simple if it has no proper nontrivial normal 


subgroup. 


4. Substructures of Smarandache Quasigroups 


Definition 4.1. Let (Q,*) be a Smarandache quasigroup. A nonempty subset H of Q is said to 
be a Smarandache subquasigroup if H contains a proper subset K such that k is a group under +. 
Example 4.1. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table: 


* 


Bel_w}lrm yr | co}; NN] or] mm ] o 


el eT wl Nol nN |] ola] ola 


SI) CO}; oT oO] BP] w]e Re te 
COl;nN!] Dy] oypwl Piri wely 
orlT Mm |] ol NIPwfe_ Rl _ SP] wl] w 
Dl olyn] or iawmol wolfe] eS 
OP rR _ e}_ wlolaln |] woyn 
wWwlrmlrRe]y ek] Ds] ot} o}]n |] oo 


Cort] OD] ou; eR] w]e] eR 


Consider S = {1,2,3,4} then S is a subquasigroup which contains a group G = {1,2}. Therefore S' is 
a Smarandache subquasigroup. 
Example 4.2. There do exist Smarandache quasigroup which do not posses any Smarandache 


subquasigroup. Consider the quasigroup Q defined by the following table: 


* 


wl ele loalole 
wlofle}rwo]le rw 
ofe fw] w] Aw] ow 
Blowolalelrwl]aA 
eBElrwmolwlAlata 


1 
2 
3 
4 
5 
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Clearly, Q is Smarandache quasigroup as it contains a group G = {2}. But there is no subquasigroup, 
not to talk of Smarandache subquasigroup. 

Definition 4.2. Let Q be a S-quasigroup. If A C Q is a proper subset of Q and A is a subgroup 
which can not be contained in any proper subquasigroup of Q we say A is the largest subgroup of Q. 


Example 4.3. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table: 


* 


Bel_w])m] rR | co] nN] ory am] o 


PT eI L _ wl Nnlrn] aol as] ala 


CO; N]T RD] ol; RP] wl nwotr 

NI} CO}; oPam] Pl] wlwmol Retr 
COIN! DA]ol;lwfy PTR wlw 
orl, mM | OI NI wofp_Ri LP] wl] w 
HD} orlj~n] ofl rR] wo]L_ wo] PTB 
OTe | ee} wolyolTa!] nN |] oyn 
wml rR |] & |] my] ov} oo} nN] oo 


Clearly, A = {1, 2,3, 4} is the largest subgroup of Q. 

Definition 4.3. Let Q be a S-quasigroup. If A is a proper subset of Q which is subquasigroup of 
Q and A contains the largest group of Q then we say A to be the Smarandache hyper subquasigroup 
of Q. 

Example 4.4. Let Q be a quasigroup defined by the following table: 


* 


NI | OO] oP as] Pl wlwmolrRe fre 


Oly, RD] orpwls PLR] ww] wy 


COUL®D | COIPNPwyT rR _ wo!) we] w 


Dl]oy;n]oyryiIwlsl eR]_ wo] se 


Bel_w])m] rR | co]nN ] ory ams] o 


PT eI wl ynlrn nt] aol nis aya 


MPR |e] wo]oyas;n ]oyn 
Wl ml Re] &}] md] ot] co} NN] 


CO} RD] ou; eR] wl] Meyer 


Here A = {1,2,3,4} is the subquasigroup of Q which contains the largest group {1,2} of Q. Aisa 
Smarandache hyper subquasigroup of Q. 

Definition 4.4. Let Q be a finite S-quasigroup. If the order of every subgroup of Q divides the 
order of the S-quasigroup @ then we say Q is a Smarandache Lagrange quasigroup. 

Example 4.5. In the above example 4.4, Q is a S-quasigroup whose only subgroup are {1} 
and {1,2}. Clearly, order of these subgroups divide the order of the quasigroup Q. Thus Q is the 
Smarandache Lagrange quasigroup. 

Definition 4.5. Let Q be a finite S-quasigroup. p is the prime such that p divides the order of 
Q. If there exist a subgroup A of Q of order p or p’, (1 > 1) we say Q has a Smarandache p-Sylow 


subgroup. 
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Example 4.6. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table: 


* 


NI} Oo ]lol as] Ply w]lwmo]drrRirk 


COy;N] RD] orpws Ble] wo] wh 


CLL RD] OI NIwNfP rR] PL w]w 


Dl orynN | opPrRiawmlyl wo] Pe] 


BelPwlmily rR | aol] nN] oul ay ot 


Pl _ eI] wl mol na |; aol ay uyan 


MPR] Ee] w]loy;yal;n] ayn 
wWyMmNylRe | &}]_ a |} or} coo} n |} co 


COo;N TD] ot eR |] wy ete 


Consider A = {1,2,3,4} then A is a subgroup of Q whose order 2? divides order of Q. Therefore Q 
has a Smarandache 2-Sylow subgroup. 

Definition 4.6. Let Q be a finite S-quasigroup. An element a € A, a C Q (A a proper subset 
of Q and A is the subgroup under the operation of Q) is said to be a Smarandache Cauchy element of 
Q if a” =1, (r > 1) and 1 is the unit element of A and r divides the order of Q otherwise a is not a 
Smarandache Cauchy element of Q. 

Definition 4.7. Let Q be a finite S-quasigroup if every element in every subgroup of Q is a 
Smarandache Cauchy element of @ then we say that @ is a Smarandache Cauchy quasigroup. 

Example 4.6. In the above example 4.6 there are three subgroup of Q. They are {1}, {1,2} and 
{1, 2,3,4}. Each element in each subgroup is a Smarandache Cauchy element as 17 =27=37=47=1 


in each respective subgroup. Thus Q is a Smarandache Cauchy group. 
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Abstract In this paper we solve some conjectures concerned the Smarandache cyclic de- 


terminants and the Smarandache bisymmetric determinants. 
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§1. Smarandache cyclic determinants 


For any positive integer n, then n x n determinant 


1 2 - n-1l n 
) 8 aes n 
(1) 
m-1l n «ss n-3 n-2 
n Loe) n-2 n-1 


is called the nth Smarandache cyclic natural determinant, and denote by SCND(n). in[l], 
Murthy given the following conjecture. 

Conjecture 1.1. SCND(n) = (—1)!"/2In"—-!(n + 1)/2, where [n/2] is the interger part 
of the n/2. 


Let a, d be complex numbers. The n x n determinant 


a a+d + at(n—2)d a+(n-1)d 
a+d a+2d “+ at(n—I1)d a 
(2) 
a+(n-—2)d a+(n—-l1)d --- a+(n-—4)d at+(n-—3)d 
a+(n—-1)d a + at(n—3)d at+(n—-2)d 


is called the nth Smarandache cyclic arithmetic determinant with parameters (a, d), and de- 
noted by SCAD(n;a,d). In this respect, Murthy [1] give the following conjecture. 
Conjecture 1.2. SCAD(n;a,d) = (—1)!"/2I(nd)""!(a + (n — 1)d)/2. 
In this section we shall show that Conjecture 1.1 is true and Conjecture 1.2 is false. We 


now prove the following two results. 
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Theorem 1.1. For any positive integer n, 
SCND(n) = (-1)'"/4In"-1(n + 1)/2. (3) 
Theorem 1.2. For any positive integer n and any complex numbers a, d, 


SCAD(n; a, d) = 7 ae (4) 
(-1)*/4l(nd)"—"1 (a+ (n-—1)d)/2 ifn>1 


The proofs of our theorems depend on a well known result concerned cyclic determinants. 


Let a1, @2, -++, Gn be complex numbers. Then the n x n determinant 

ay ag +t* An—-1 An 

an ay ae GQn—2 GAn-1 

(5) 

a3 G4 -"" ay a2 

ag a3 °"° an ay 
is called the n-th cyclic determinant with parameters (a1, a2, ---, Gn), and denoted by CD(aj, 
a2, °*+, Gy). Then we have 


Lemma 1.1. 


CD(ay, a2,°-: An) = II (a1 + agu +-+-+ 4,2”) 


er=1 


where the product II means x through over all complex numbers with x” = 1. 


2ns1 


Proof of Theorem 1.1. We see from (1) and (5) that 


SCND(n) = (-1)"CD(1, 2,--- ,n), (6) 
Where 
2—1, if nis even 
Oe aaa (7) 
= if n is odd 
By Lemmal.1, we get 
D(1,2,--+,n)= ]] +2a+---+na"?) (8) 
er=l 
Notice that if <” = 1, then 
(l4+2e+---+ne" (1-2) = ltat---+a™!—-n (9) 
0 ife=1, 
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By (8) and (10), we obtain 


D(1,2,-++ 2) T] Q-2)=(C pt tn" () ; (11) 
arty 


where the product II means x through over all complex numbers satisfying 7” = 1 andax F# 1. 


geal. 
aAl 
Since 
[[ G-a=n (12) 
neal 
rAl 
we get from (11) that 
D(1,2,+++ yn) = (-1)" nn +:1)/2. (13) 
Further, by (7), we get 
n 
rt+n—1=[5] (| mod 2). (14) 


Thus, by (6), (13) and (14), we obtain (3). The theorem is proved. 
Proof of Theorem 1.2. By (2), ifn =1, then (4) holds. We may therefore assume that 
n > 1. We see from (2) and (5) that 


SCAD(n; a, d) = (—1)'CD(a,a+d,--- ,a+(n—1)d), (15) 
where r satisfies (7). By Lemme 1.1, we get 


CD(a,a+d,---,a+(n—1)d) = |] (a+ (at+d)z+---+(a+(n—1)d)2"""). (16) 


zr=l1 
Notice that if <” = 1, then 
(a+ (a+d)x4 + (a+(n—1)d)x""")(1 — 2) 
= a+dz4 + dx"! — (a+ (n— 1)d) (17) 
0 fa=1, 
= if x (18) 
—nd ifetAl 


Hence, by (16) and (18), we get 


CD(a,a+d,---,a+(n-—1)d) II (1—2) = (—1)""1(na)""+ (na + mea) (19) 


zAl 


Thus, by (12), (14), (16) and (19), we obtain (4). The theorem is proved. 


Vol. 2 Two Classes of Smarandache Determinants 23 


§2. Smarandache bisymmetric determinants 


For any positive integer n, the n x n determinant 


1 2 3 se om—-2 n-1l n 

2 3 4 ee md n 1 
(20) 

n-2 n—-1 n 4 3 

n—-1 n n—-1 -:- 4 3 2 

n n-1l n-2 :-- 3 2 1 


is called the nth Smarandache bisymmetric natural determinant, and denoted by SBND(n). In 
[1], Murthy given the following conjecture. 


Conjecture 2.1. SBND(n) = (—1)!"/212"-8n(n + 1). 


Let a, d be complex numbers, then the n x n determinant 


(21) 


a at+d a+ 2d + at(n—3)d a+(n—-2)d at+(n—-1)d 
a+d a+2d a+ 3d + at(n—2)d a+(n—-l1)d at+(n—-2)d 
a+2d a+3d a+4d + at(n—-1)d a+(n-—2)d at+(n—-3)d 

at+(n-—2)d a+(n—-1)d at+(n—-2)d --- a+ 3d a+ 2d at+d 
at+(n-—l1)d a+(n-2)d at+(n-3)d --- a+2d a+d a 


is called the nth Smarandache bisymmetric arithmetic determinant with parameters (a, d), and 
denoted by SBN D(n;a,d). In this respect, Murthy [1] given the following conjecture. 


Conjecture 2.2. SBAD(n;a,d) = (—1)!"/212"-3d"-1(a + (n — 1)d). 
Unfortunately, we shall show that both Conjecture 2.1 and 2.2 are false. In this paper we 


will prove the following two results. 


Theorem 2.1. For any positive integer n, 


SBN D(n) = (1)? Y/29"-2(n + 1) (22) 


Theorem 2.2. For any positive integer n and any complex numbers a, d, 


SBAD(n; a, d) = (—1)"™-))/2Q"-2g"-1 (24 + (n — 1)d). (23) 


Proof of Theorem 2.1. Let R(m)(m = 1, 2,---,n) denote the mth row of SBND(n). 
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We first successively add —R(i) to R(i+1) for i=n—1, n—2,---, 1. Then, by (20), we get 


1 2 3 n-2 n-1l n 
1 1 1 1 1 —1 
1 11 1 = 
SBND(n) =| ++. ee. vee eee eee ebb (24) 
1 1 1 -1 -1 -l 
1 1 -l -1 -1 -l 
1 -1 -l -1 -1 -l 
Let C(m)(m = 1, 2,---+, ) be the mth column of the determinant in (24). Next, we successively 


add C(1) to C(j) for 7 = 2,---, n. Then we get 


1 3 4 o-s) n-1l n n+l 
1 2 2 2 0 
Lt 2 2 2 oO oO 
SBN Din) S\ssi. Abs ae oe ee eee (STOO UPR. (05) 
1 2 2 0 Oo 0 
L 2 @ 0 oOo 0 
0 0 0 oO 0 


Thus, the theorem if proved. 


Proof of Theorem 2.2. Let R(m)(m = 1, 2,---, 1) denote the mth row of SBAD(n; a, d). 
We first successively add —R(z) to R(i+1) for i=n—1, n—2,---, 1. Then, by (21), we get 


a atd a+2d a+(n-—3)d a+(n-—2)d at+(n-1)d 
d d vee d d —d 
d d d —d —d 
SBAD(nia;d) =| wan ase hae EG vias a ve (26) 
d —d —d —d 
—d —d —d —d 
—d —d —d —d —d 


Let C(m)(m = 1, 2, ---, n) denote the mth column of the determinant in (26). Next, we 
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successively add C(1) to C(j) for j = 2, ---, n. Then we get 


a 2a+d 2a+2d --- 2a+(n—-—2)d 2a+(n—-1)d 
2d 2d vee 2d 0 
2d 2d vee 0 0 
SBAD(n;a,d) = (27) 
2d 2d 0 0 
2d 0 vee 0 0 
d 0 0 0 0 
= (-1)P-Y/29"-2g"-1 (2a + (n — 1)d) (28) 


Thus, the theorem is proved. 
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Abstract For any band variety V, vn Se denotes the variety consisting of the semir- 
ings whose additive reduct is a semilattice and whose multiplicative reduct belongs to V. 
We describe a subvariety D\/(ReBN 80) of Se and prove that a semiring S belongs to 
D\/(ReBn 80) if and only if S is a subdirect product of distributive lattice and a member 
in ReBN Se : 
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81. Introduction 


A semigroup (S,-) is said to be a band , it means that S' satisfies the identity x? ~ a, we 
denote the class of all bands by I. Suppose S' is a band. If $ satisfy the identity xyx ~ x, then 
S is called a rectangular band,we denote by ReB the class of all rectangular bands. If S satisfy 
the identity aryz © ayxz,then S is said to be normal band. We denote the class of all normal 
bands by NB. Especially,we denote the class of all bands S$ in which S satisfies the identity 
xy © ya, ie.,S' is a semilattice by S@. We can easily obtain from well-known Birkoff theorem 
that above classes of bands are subvarieties of band variety I. 

A semiring is an algebra (S,+,-+) with two binary operations + and - such that both the 
reducts (.S,+) and (S,-) are semigroups and such that the distributive laws «(y+ z) © ry + az 
and (a + y)z ~ xz + yz hold. The semiring is said to be an idempotent semiring if the two 
reducts are bands, that is, semirings where every element is an idempotent. 

Suppose V is a subvariety of I,we denote by V the variety of all idempotent semirings 
S in which the multiplicative reduct (,-) of S belongs to V. The variety consisting of all 


+ 
the idempotent semirings with commutative addition will be denoted by Sé@. The additive 
+ ~ + 
reducts of the members of Sf are semilattices. WMSé denotes the variety consisting of the 
semirings whose additive reduct is a semilattice and whose multiplicative reduct belongs to V. 


é + 
In particularly, if V is the subvariety S/, then S£()Sé denotes the variety of all idempotent 
semirings in which both the additive reduct and multiplicative reduct are semilattice. We note 


«vt 
that Bi = Sé()Sé,we call the member of Bi bi-semilattice. Let S be a bi-semilattice, if S 


+ 
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satisfies the additional identity «+ ay ~ x and x+yz = (a+ y)(a@+ 2), then S is said to 
be a distributive lattice. We denote by D the class of all distributive lattices. Clearly, D is a 
subvariety of Bi. 
+ 
In [3], Professor F.Pastijn and the second author have described the lattice L(S2) of sub- 
+ + 

varieties of S@. In this paper, we mainly describe a certain subvariety of Sin view of semir- 
ing congruences and get some interesting results. we prove that if a semiring S belongs to 


: + 
D\V(ReBNS¢) if and only if S a subdirect product of a distributive lattice and a member in 
: + 
ReBnNSé. 


: + 
§2. Characterization of D \/(ReBNS0) 


In this section,we mainly study the subvariety D \/(ReBN 8?) and get some interesting 
results. 

We denote by Con($’) the set of all congruences on semiring S. Let A is a class of semirings 
and p € Con(S),if S/p € A,then pis called an A-congruence. If there exist another congruences 
@ such that S/@ € A and p C 0,then p is called the least A-congruence on S. So we have the 


following lemma 


: + 
Lemma 2.1. Let semiring S belong to NBS, define the relations uw on S by 


xy <> (da € S) ray = yar, 


then p is the least ReB nse congruence on S. 

Proof. By lemma IV.5.5 in [2],we know that jz is the congruence on multiplicative reduct 
(S, -) of semiring S, here we need show p is the congruence on the additive reduct (5, +) of S. 
Assume that a, b € S and ayb. By the definition we have that dx € S such that axb = baa, for 


any c € S,we have 


(a+c)axb(b+c) = (axb+caxb)(b+c) 


= axrb+axbe+ caxb+ caxbe 


= bxa+ brac+ cbza + cbzac 
= b(bra)(a+c) + c(bxra)(a+ c) 
= (b+c)bra(a+c) 

= (b+c)arb(at+c). 


Thus (a+c)(b+c), further, (S,+) is a semilattice, hence py is a congruence on (S, +), thus pu is 
: + 
a semiring congruence. Since ra(ryxr) = (xyx)xx, it follows that ryayz, that is,u is REBNS¢- 
: ~ 
congruence on S. If 6 is any ReBOMSécongruence and zpy, then there exists a € S such that 
xay = yax, thus xay@yax, which implies x#y. Consequently, w C 6. Therefore, we obtain that 


E + 
i is the least ReB MSé£-congruence on S. 
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‘ + + 
From [3],we know that D\/(ReBNS2) is the proper subvariety of NN Sé which is deter- 
mined by the additional identity 


ct+aoyr ex (1) 


‘ + 
So D\V/(ReBNSé) also satisfy the additional identity «+ cyx = x. It obvious that both 
‘ + 
D and ReBNS¢6 satisfy the additional identity ry + yzx = yx + xzy,therefore, the subvariety 
; + + 
D\V(ReBNS0) of Sé satisfy the additional identity 


Ly + yzu & yx + vzy. (2) 


Green’s relation play an very important role in studying the theory of semigroup, some 
authors have studied semirngs from the Green’s relation of additive and multiplicative reducts 
and have gotten many beautiful results. In this paper, we denote D the Green-D relation of 
multiplicative reduct of a semiring. We have the main result of this section. 

Theorem 2.2. Sis a semiring, then S ¢ D \/(ReB ne) <=> S is asubdirect product of 
a distributive lattice and a member in ReBN Se. 

Proof. <—. It is trivial. 

=> . It is obvious that D\/(ReB ne) is a subvariety of NBN Sl . From lemma 3.2 
in [4] and lemma 2.1, we have that both D and DN p are semiring congruences on S. Assume 
a,b € S and a(DNp)b. By the definition of 1, there exists c in S' such that acb = bca, therefore 


cacb = cbca. From D is a congruence we have acDbc, thus ac = bc. Similarly, we have ca = cb. 


: + 
Since S € D\V/(ReBNS82), from above we know that S satisfies the additional identity (2). We 
have 


ab + bca = ba + acb. (3) 


By multiplying b on the right to the (3), we obtain ab + bcab = b+ acb = b+ bcb. From (S, -) 
is a normal band we have ab+ bcab = ab+b-c-ab-b=ab+ bcb, thus ab+ bcb = b+ beb. 
By multiplying a on the left to the (3),we have 


at+acb = ab+abca 
= ab+a-ab-c-a 


= ab+aca ((S,-) is a normal band and aDb) 


= ab+bcb (ac= bc, ca= cb), 


thus a + acb = ab + bcb = ab + bcab = b + beb, ie.,a + aca = b+ bcb. By (2), we obtain a = 8, 
therefore, (DM 1) is a equality relation on S. By lemma 3.2 in [4] and (1), quotient semiring 


(S/D, +, -) is a distributive lattice. By lemma 2.1 we know that quotient semiring (S/p, +, -) 
P + 
is a member in ReBNS2, thus S is a subdirect product of a distributive lattice and a member 


5 + 
in ReBnSé. 


+ 
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Dedicated to Sun-Yi Park on 90th birthday 


§1. Introduction 
The additive analogues of Smarandache functions S and S, have been introduced by Sandor 
[5] as follows: 
S(z) =min{me N:a< mi}, x € (1,00), 


and 


S.(z) = max{me N:m! < zh, x € [1, 00), 


He has studied many important properties of S, relating to continuity, differentiability and 
Riemann integrability and also p roved the following theorems: 
Theorem 1.1. 


Theorem 1.2. The series 
y 
24 n(S.(n))* 


is convergent for a > 1 and divergent for a < 1. 
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In [1], Adiga and Kim have obtained generalizations of Theorems 1.1 and 1.2 by the use of 
Euler’s gamma function. Recently Adiga-Kim-Somashekara-Fathima [2] have established a q- 
analogues of these results on employing analogues of Pseudo-Smarandache, Smarandache-simple 
functions and their duals as follows: 


z(e) =min {me Nin < EO} x € (0,00), 
Z,(x) = max {me N: min + ) cab, x € (1,00), 


P(x) =minfme N:p*<m!}, p>, x € (0,00), 


P,(z) =max{meE N:m!<p*}, p>, «€[1,oo). 


He has also proved the following theorems: 
Theorem 1.3. i 
Z.~ 5 8a+1 (a — oo). 


Theorem 1.4. The series 


= 1 
» (Z,(n))*’ 


n=1 


is convergent for a > 2 and divergent for a < 2. The series 


is convergent for all a > 0. 
Theorem 1.5. 
log P,(x) ~loga (a — ov), 


s loglogn \° 
<n \log P,(n) 


=1 


Theorem 1.6. The series 


is convergent for all a > 1 and divergent for a < 1. 

The main purpose of this note is to obtain q-analogues of Sandor’s Theorems 1.3 and 1.5. 
In what follows, we make u se of the following notations and definitions. F. H. Jackson defined 
a q-analogues of the gamma function which extends the q-factorial 


(mg =1+Q)t+aqt@)--G+tqtet+---t+q""), of [3], 


which becomes the ordinary factorial as gq — 1. He defined the q-analogue of the gamma 
function as 


a NG Ns oy. pt S 
T,(z) = (ai qe ew (l-—q)’, O0<¢q<1l, 
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and 
Ty(x) = wor = g'*q@),q>1, 
where 
(4; q)oo = [[G -aq”). 
n=0 


It is well known that [',(x) — I'(a) as q — 1, where I'() is the ordinary gamma function. 


§2. Main Theorems 


We now defined the q-analogues of Z and Z, as follows: 


noha 1—q . Pg( ) 
Zy(a) = min sax AO), meéEN, «x € (0,00), 


and 


l—q™ T4(m+2) Ty(m+ 2) 
Z* = 1 oe < N a Aes 
qt) max { = 2 ,(m) cal, me N, ve| oP (1) ,co}, 


where 0 < q <1. Clearly, Z,(z) — Z(x) and Zj(x) — Z,(x) as g — 1~. From the definitions 
of Z, and Z7, it is clear that 


L, fx (0, 72] 
Z,(2) ~ 1—q™ ay an Tg(m+2) >9 (1) 
I-qg> le (4. 2P,(m) ge es 
and 
1—q™ T 2) T 
q l-q 2P4(m) ° 20 4(m+ 1) 
Since 
—qgnr-l _ qm _— qm-l _ gm-1 
ae ee ee ee 
1l-q 1l-q 1-q l-q 
(1) and (2) imply that for « > ta: 


* * 
2, Bg SZ, 1 
Hence it suffices to study the function Z7. We now prove our main theorems. 


Theorem 2.1. If0<q< 1, then 


V1 + 8xq — (1+ 2¢) 
2¢? 


egte< V1+ 8xaq-1 I, (3) 
q- 2q 
Proof. If 


T,(e +2) T,(k +3) 
rik) ~~ * < or,e+1)’ 2) 
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then 


and 


tag itag™) tle) z£0< dag tag) 26a (4) 


Consider the functions f and g defined by 


and 
g(y) = (1 — yq)(1 — yg”) — 2a(1 — g)”. 
Note that f is monotonically decreasing for y < ae and g is strictly decreasing for y < 
Also f(y1) = 0 = g(y2) where 


1+q 
2g? * 


(1+q)-(—4)vV1+ 82xq 


a= 2q ’ 
= (q+ 4°) —4(1— g)V1 + 82q 
ss af 


Since y; < i yo < rl and q® < Ht < ae from (4), it follows that 


f(a") < f(y) = 9 = gly2) < g(a"). 


Thus y1 < g* < ya and hence 


1- i-—g* 1- 
Yy2 q 2 Ya 
1-q 1l-q 1-q 


1.€. 
J/1 + 8xq — (14 2¢) egte J/1+ 8xq—-1 
2q? = 2q 


This completes the proof. 
Remark. Letting g— 17 in the above theorem, we obtain Sandor’s Theorem 1.3. 
We define the q-analogues of P and P, as follows: 


P,{z) = min{m € N:p* <T,(m+1)}, p>, xz € (0,00), 
and 
Py(#) =max{meN:T,y(m+1)<p"}, p>, x6€[1,0o), 


where 0 < q < 1. Clearly, P(x) + P(x) and Pf — P,(x) as q > 1~. From the definitions of 
P, and P;, we have 
PX (2) < P,(x) < Py(x) +1. 
Hence it is enough to study the function P;. 


Theorem 2.2. If0<q<1, then 


x log p 


log (44) 


P,(x) ~ (a — oo). 
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Proof. If [y(n +1) < p® <I',(n+ 2), then 
Py(“) =n 
and 
logl'g(n + 1) < logp® < logIg(n+ 2). (5) 


But by the q-analogue of Stirling’s formula established by Moak [4], we have 


sania des (ret libs (= Veodisa (6) 
og Tg (n n+ 5 | log =a nlog t=¢)" 


Dividing (5) throughout by n log (+4): we obtain 


log T'g(n + 1) 2 x log p Z logT'g(n + 2) . (7) 
nlog (4) Px(z) log (4) nlog (4) 


Using (6) and (7), we deduce 


x log p 
[sre AEs 


This completes the proof. 
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Abstract In this paper, we introduce a new arithmetic function Tsp(n) which we called the 
simple divisor function. The main purpose of this paper is to study the asymptotic properties 
of the mean value of 7;,(n) by using the elementary methods, and obtain an interesting 
asymptotic formula for it. 

Keywords Smarandache simple number divisor; Simple divisor function; Asymptotic for- 


mula. 


81. Introduction 


A positive integer n is called simple number if the product of its all proper divisors is 
less than or equal to n. In problem 23 of [1], Professor F.Smarandache asked us to study the 
properties of the sequence of the simple numbers. About this problem, many scholars have 
studied it before. For example, in [2], Liu Hongyan and Zhang Wenpeng studied the mean 
value properties of 1/n and 1/¢(n) (where n is a simple number), and obtained two asymptotic 
formulae for them. For convenient, let A denotes the set of all simple numbers, they proved 
that 


1 Inl 
S- — =(Inlnz)? + Bj nInz + By +O ( z =*) 
n 


eae Inz 
n<ux 
ang 1 In] 
S° = = (ning)? +Ci Inne + C2+O a ‘ 
o(n) Inz 
neA 
n<u 


where By, By,C1, C2 are constants, and ¢(n) is the Euler function. 
For n > 1, let n = pp? ---py* denotes the factorization of n into prime powers. If one of 
the divisor d of n satisfing r(d) < 4 (where r(n) denotes the numbers of all divisors of n), then 


we call d as a simple number divisor. In this paper, we introduce a new arithmetic function 


which we called the simple divisor function. The main purpose of this paper is to study the 
asymptotic property of the mean value of T;,(n) by using the elementary methods, and obtain 


an interesting asymptotic formula for it. That is, we will prove the following: 
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Theorem. For any real number x > 1, we have the asymptotic formula 


eee 


1 b+A 
Sta) (log log x)? + + 5(a+1ologigr+ (“F* 4840) 2+0( eee 


n<x 


where a and b are two computable constants, A = 7 + S/(log(1 —1/p) +1/p), 7 is the Euler 
1 1 7 
constant, B = S- — and C= a = 
Pp P p Pp 


§2. Two Lemmas 


Before the proof of Theorem, two useful Lemmas will be introduced which we will use 
subsequently. 


Lemma 1. For any real number x > 1, we have the asymptotic formula 


(a) Sow (n ies 


n<a 
log | 
(1) S$) w?(n) = x(log log x)? + aa log log x + br +O eS 
n<a log 


where A = y+ S/(log(1 —1/p)+1/p), 7 is the Euler constant, a and b are two computable 


p 
constants. 


Proof. See references [3] and [4]. 
Lemma 2. For any positive integer n > 1, we have 


rep(n) = 5u?(n) + soln) + 14 01, 


p?|n p3|n 


where w(n) denotes the number of all different prime divisors of n, a 1 denotes the number 
p?|n 
of all primes such that p? | n, a 1 denotes the number of all primes such that p? | n. 
3|n 
Proof. Let n > 1, we ae ae n = pips? ---pp*, then from the definition of T,,(n) we 
know that there are only four kinds of divisors d such that the number of the divisors of d less 
or equal to 4. That is p| n, pip; | n, p? | n and p? | n, where p; 4 pj. 


Hence, we have 


tp(r) = So1+ S014+5014+3501 
p|n 


pips|n p?|n p3|n 
PiFPj 
1 
= w(n) + 5w(n)(w(n) — 1) + So14+501 
p?|n p3|n 
1 
= w?( n)4 > 1 S- 1 
a p?|n p3|n 


This proves Lemma 2. 
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§3. Proof of the theorem 


Now we completes the proof of Theorem. From the definition of the simple divisor function, 


Lemma 1 and Lemma 2, we can write 


Ste (0) = S- w(n) | s(n) | De poe 


n<ax na p?|n p3|n 
1 
= 5 wn) +5 = ST wun y+ 555145551 
n<au n<ax nN<x p?|n n<x p3|n 
- : (log log x)? + az log log x + bx + O ee 
a gre ies ca log x 
1 x x 
+ 5 (clostoge + Ae +0 (52 ea 3) > |S > (5 
PS@ pSx 
1 log log 
= = ( x(loglog x)? + (a+1)xloglogz + (b+ A)x+O ae 
2 log x 
ce ‘let o(4)+ “lz eo +0(4) 


1 log 1 
= 5 Core ree (eee) ) 


+ wrow+o( 2) 


1 1 b+A lool 
= sellogloga)? + 5(a+1)elogloge + (°5“ +B+C)e+0(=E*). 


2 log x 
where B= 75 and C= = 
a p? 


Pp P 
This completes the proof of Theorem. 
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Abstract Given a positive integer n, we define the function 6,(n) as follow: 


On (n) = max{d: dln, (d,k) = 1}, 


am(n) denotes the m-th power free part of n ( if n = pftp3?---pSs---pg%, where a; < _m 
(@@ = 1,2---,s),a; > m (yj = s41,---,q), then am(n) = p{'ps?---p$s). In this paper, 


we study the number of the solutions of the equations 6,(n) = a@m(n), and use the analytic 


method to obtain several interesting asymptotic formulas for it. 
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§1. Introduction and results 
For any positive integer n, we define the function 6,(n) as following: 


d4(n) = max{d: d\n, (d,k) = 1}, 


dm(n) denotes the m-th power free part of n ( if n = p{'p$?---p%--+pq%, where a; < _m 


(¢=1,2---,s),a; >m(j =s+1,---,q), then a(n) = py'p5?--- poe). Let A denotes the 
set of all solutions of the equation 6,(n) = a@m(n). In this paper, we study the asymptotic 
properties of the set A, and use the analytic method to obtain several interesting asymptotic 
formulas for it. That is, we shall prove the following conclusions: 


Theorem 1. For any complex number s with Re(s) > 1, we have the identity: 


yy 1 _ Gs) i gee 
ne (ms) pated 


where II denotes the product over all different prime divisors of k, ¢(s) is the Riemann zeta 


p\k 
function. 


Theorem 2. For any real number x > 1, we have the asymptotic formula: 


1 m _ »wm—1 1 
Yo1= geg? Ge +02) 
eS a 
neA 


where ¢ is any fixed positive number, m > 2 is a positive integer. 
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Corollary. Let B denote the set of all solutions of the equation 6,(n) = a2(n). Then we 
have the identity: 


§2. Proof of the theorems 


Now we complete the proof of the theorems. 


Let positive number n = nyu = pf! p$?---p%-+-pq*, where ny = pf'ps?---p% does 
not contain the m — th power part of n, u = ee ---pq? is a m-full number. Obviously, 


a, <m(i =1,2---s) and a; > m(j = s+1---q). From the definitions of functions 6,(n) and 
Qm(n) we know that both of them are multiplicative functions. That is, 


dz (1) = dx (1) On (u) 


Am(N) = Am(N1)am(u) = N41, 
According to the discussion above, the solutions of the equation 6;,(n) = @m(n) transfer itself 
to the solutions of equation d4(n1)d,(u) = ni. 
Noting that: If a; > m, p;|k (7 = s4+1,---,q), we have 4,(u) = 1. At this time, if 
a, < m, pitk, (i = 1,2,---,s) ,we get d.(n1) = m1. This shows the existing of equation 
dx~(n1)0z4(u) = n,. Define arithmetic function b(n) as follows: 
1 if n is the solution of equation 6, (n) = am(n); 


b(n) = (1) 


ifn>1 


Now we have 


From the definition of b(n), we know it is a multiplicative function. Then from the Euler 


product formula(see [1]), we can write: 


ge _ II (1+ b(p) , (p") +) 
= ns : ps ps 
1 1 1 1 1 
= [IJ bee I[(14 pees 
( 8 2s aa) ( ms (m+1)s ) 
oie pep P a pms p 
1 
Tne 1 1 
= |] (+ 7 
ptk P* plk Be 
fa<! je i 1 
7 pms ao 
Wo-T; aoe 
Pp P* plk Pp 
RO 9 (eet ee 
¢(ms) aaa 


p\k 
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This completes the proof of Theorem 1. 
Now we come to prove Theorem 2. From the definition of the function b(n) we can write: 


S71= 5) b(n) 


n<a n<ax 
neA 


Let Dirichlet series 


from Theorem 1, we know that 


because 


where o > 1 is the real part of s, so by Perron’s formula(see [2]), we have: 


a(n) sol a x z°B(b+ 0) 
‘> 780 => Dan _ f(s + s0)—ds + O a 


n<u 
log x - : x 
+ O (sez 2”) min @ )) +0 (: °° (2a) min (1. na) : 


where NV is the nearest integer to x, and ||a|| = |a — N|. 
Taking a(n) = 6(n), s9 = 0, 6 = 2, T = x2, H(x) = 1, B(o) = C(c) in above, then we 


have: 


s 


> b(n) = > i G(s) R(s)~ ds +O (ai) ; 


nt Jor (ms) 


n<ax 


where 
Ms _ pire +1 


Rs) =] aq 


pik 
we move the integral line from s =2+7T tos = 5 + iT’, this time the function 
¢(s) * R(s) 
(ms) 8 


has a simple pole point at s = 1 with residue HO} or, so we have 


i 24iT 5+iT 3—-iT 2-iT s) « 
aoe | +/ - + G(s) —R(s 
2nt \ Joi 2+iT 44iT 4-iT C(ms) s 


& 
H 
I 

8 
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Now taking T = x2, we have the estimate 


— 
1 gtiT 2-iT C(s) ve a2 4 
l= (3 +f) Cony ROIS Fao 


and — 
1 27% z 
=| s(s) “ R(s)ds k< ate, 
2mi Jiser (ms) 8 
Note that ; 
pr — pr— +1 
RQ) =][=— 
pm — 
pik 
we get 
1 pr —prt4) 1 
vn) = eT +0 (2#**) 
ree Cm), pm 
That is 1 
1 m _ wm 1 
i= pe +(e) 
sae:«S«C«SMY Oo 
neA 


This completes the proof of Theorem 2. 
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Abstract For any fixed positive integer n, the Smarandache ceil function of order k is 
denoted by N* — N and has the following definition: 


Sx(n) = minfa € N: n|a*}, Yne N*. 


In this paper, we study the mean value properties of the Smarandache ceil function, and give 


a sharp asymptotic formula for it. 
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81. Introduction 


For any fixed positive integer n, the Smarandache ceil function of order k is denoted by 
N* — N and has the following definition: 


S,(n) = minfs € N:n| a*}, Yn e N*. 


For example, 52(1) = 1, S2(2) = 2, $9(3) = 3, So(4) = 2, So(5) = 5, S2(6) = 6, So(7) = 7, 
So(8) = 4, S2(9) = 3, ---. This was introduced by Smarandache who proposed many problems 
in [1]. There are many papers on the Smarandache ceil function. For example, Ibstedt [2] [3] 
studied this function both theoretically and computationally, and got the following conclusions: 


(a,b) = 1 => S;(ab) = Sz(a)S,(b), a,be N*. 


Sk(pp Po? + Pe”) = Sx Pt") «+ Se (De) - 


In this paper, we study the mean value properties of the Smarandache ceil function, and 
give a sharp asymptotic formula for it. That is, we shall prove the following: 


Theorem. For any real number x > 2, we have the asymptotic formula 


S- —_ ees A; lInx+ Ag+ O(a74**), 
“= So(n) 2x? 


where A, and Ag are two computable constants, € is any fixed positive integer. 


'This work is supported by the N.S.F(10271093) and P.N.S.F of P.R.China 


Vol. 2 On the mean value of the Smarandache ceil function 43, 


§2. Proof of the theorem 


To complete the proof of the theorem, we need the following Lemma, which is called the 


Perron’s formula (See reference [4]): 


Lemma. Suppose that the Dirichlet series f(s) = S- a(n)n~*, s = o + it, convergent 


n=1 
absolutely for o > oq, and that there exist a positive increasing function H(u) and a function 


B(u) such that 
a(n) < H(n), n=1,2,---, 


and 


$= |a(n)| 2-7 < Bio), o> 0q. 
n=1 


Then for any s9 = 09 + ito, bo > Oa, 65 >D>0,b00 >on +b >00,T >1 and xz > 1, x not to 
be an integer, we have 


b+iT s 
S 5 a(n)n-*° = al ° f(80 + 8)—ds + O (ow) 


ra Ht Joi T 
1 
+ O (2-H (20) min (1. =) +O (2m) min (1. ma) , 
T T || x || 
where WN is the nearest integer to 2, || x ||= |N — 2]. 


Now we complete the proof of the theorem. Let s = o + it be a complex number and 


= 1 
f= 2 rn 


Note that | Stn) | < + , so it is clear that f(s) is a Dirichlet series absolutely convergent for 
Re(s) > 3 , by Euler product formula [5] and the definition of $2(n) we have 


1 1 1 
1 = 0+ sont at Boe 
1 1 1 
"ype GyGPRyp 7 S(T partis | a 
= [0+ sa+et get eet + oar ; 
: peti © pstl © psst2 ° p4st2 pekstk © p(2k+1)s+k+1 
1 1 
a pktl)stk+1 + pl2(k+2)+1)s+k+2 as -) 
1 1 
a ee ee 
2 (2s +. 1)¢(s + 1) 
¢(2s + 2) ; 


where ¢(s) is the Riemann zeta-function and Il denotes the product over all primes. 
P 
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Taking 
A(x) =1; Bio) = 2 > - 
me a, ee | 
89 =0;b=1;T= zt in the above Lemma we may get 
1 1 ltind Ss 
Lamrm/! , tote+oe). 
es So(n) im Jy ind S 
To estimate the main term, we move the integral line in the above formula from s = 1+ iat 
tos=—f+ iv4. This time, the function f(s)= have a third order pole point at s = 0 with 
residue 


seg n? e+ Ay Ina + Ad, 


where A; and A» are two computable constants. 


Hence, we have 


5 5 
4 4 


1 l+ia —ttia -liied 1-ixt 9s +1)¢(s+1)2° 
(Cece as ef) eae 
Tt \ S1-iva ltix4 Lied -liied ¢(2s + 2)s 


= sop? + Arne + Ap 


We can easily get the estimate 


1 5 


hb oto 5 . 5 
1 —gti«4 —4-3 1-ix4 >) 1 1 s 
Qri i + +f eet Dee DE gl ee, 
1 


ant \ Sizivt ~1448 -l-igd (28 + 2)s 


From above we may immediately get the asymptotic formula: 


1 3 1 
=—5In? 2+ Ail A Tate), 
S- So(n) > 2? n° 2 1Ing+ Ag+ O(a ) 


n<ux 


This completes the proof of the theorem. 
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Abstract For any fixed positive integer n, the Smarandache ceil function of order k is 
denoted by N* — N and has the following definition: 


Sx(n) = minf{a € N:n|a*} (Vn € N*). 


In this paper, we use the elementary methods to study the arithmetical properties of Sz(n), 


and give some identities involving the Smarandache ceil function. 
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81. Introduction 


For any fixed positive integer n, the Smarandache ceil function of order k is denoted by 
N* — N and has the following definition: 


S,(n) =minfs € N:n|a*} (Vn e€ N*). 


For example, S2(1) = 1, $2(2) = 2, S9(3) = 3, S2(4) = 2, S9(5) = 5, $2(6) = 6, S2(7) = 7, 
So(8) = 4, S2(9) = 3, +--+: . $3(1) = 1, $3(2) = 2, $3(3) = 3, $3(4) = 2, $3(5) = 5, $3(6) = 6, 
S3(7) = 7, $3(8) = 2, ------ : 

The dual function of S;,(7) is defined as 


Sk (n) = max{z e N: 2*|n}(Vne€ N*). 


For example, $2(1) = 1, $2(2) = 1, $2(3) = 1, $o(4) = 2, ---. For any primes p and q with 
Pp # q, S2(p) = p, So(p?"*") = p™ and Sa(p"q") = S2(p™)S2(q”). 

These functions were introduced by F.Smarandache who proposed many problems in [1]. 
There are many papers on the Smarandache ceil function and its dual. For example, Ibstedt [2] 
and [3] studied these functions both theoretically and computationally, and got the following 
conclusions: 

(Va,b € N*)(a,b) = 1 => Sz(ab) = S$, (a) Sz (0), 


Si (py pg? per) = Se (py?).--- .Se(per). 


Ding Liping [4] studied the mean value properties of the Smarandache ceil function, and ob- 
tained a sharp asymptotic formula for it. That is, she proved the following conclusion: 
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Let real number x > 2, then for any fixed positive integer k > 2, we have the asymptotic 


formula 


n<u 


Ye seln) = ek DTT ft - (1+ sez) ] +(e), 


where ¢(s) is the Riemann zeta-function, II denotes the product over all prime p, and € denotes 


Pp 
any fixed positive number. 


Lu Yaming [7] studied the hybrid mean value involving $;(n) and d(n), and obtained the 
following asymptotic formula: 


S~ d(Si(n) = oli +6(Z) +0 (em), 
n<a 
where ¢(s) is the Riemann zeta-function and d(n) is the Dirichlet divisor function. 

In this paper, we use the elementary methods to study the arithmetical properties of 
Smarandache ceil function and its dual, and give some interesting identities involving these 
functions. That is, we shall prove the following: 

Theorem 1. For any real number a > 1 and integer k > 2, we have the identity: 


A). 


n—-1 


= (=i) 
2d, Se(n) = Se pels 


where II denotes the product over all prime p. 


P 
Theorem 2. For any real number a > 1 and integer k > 2, we also have the identities: 


<> Si(n (a)¢(ka — 1) 
or C (kev) 


and 


 (-1)""Si(n) — C(a)C(ka — 1) [ (2% — 1)(2%2-1 — 1) 
> k = | 20-2 (Qke _ 1) 1 ) 


n=1 

where ¢(s) is the Riemann zeta-function. 
Taking k = 2, a = 2 and 4, from our Theorems we may immediately deduce the following: 
Corollary 1. Let 5;(n) denotes the Smarandache ceil function, then we have the identities: 


and 


Corollary 2. Let $;(n) denotes the dual function of the Smarandache ceil function, then 
we have the identities: 
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and 


y = Sc. 


§2. Proof of the theorems 


In this section, we shall complete the proof of Theorems. First we prove Theorem 1. For 


any real number a with a > 1, let 


f(a) >= a ~ a a 
 Se(2n=1) 2,  Sp(2n — 1)S2(2*) 
= 1 eel 
= - 1 ~ : (1) 
(> Se(2n — 7 d, 5e ‘| 
For any prime p, note that S;(p) = p, Sz(p?) = p, ---, Se(p*) = p, Sx(p*t!) = p?, 
Si (p'**") = p'*! for any integers t > 0 and 1 <r <k. So from the Euler product formula [6] 
we have 
= i 1 
—— 14 ! pee | ) 
(> Sp (2n — 7] II ( rip) Se (p?) Se(p*) 
p#2 
k k k k 
= Doe Sa oS oo 
Pp Pp Pp Pp 
P 
pF2 
k 
- U0+ =) 
7 Pp 
p#2 
2% —1 k 
2° +k TIG+ 5 :) (2) 
Similarly, we also have 
ae! k 
1 | (3) 
ys Se(2!) Qa] 


Combining (1), (2) and (3) we may immediately get the identity 


Cale. BBR k 
ey Se(n) perl pe—1 


n=1 


This proves Theorem 1. 
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Now we prove Theorem 2. For any real number a with a > 1 and integer k > 2, let 
y= ee 


Then from the multiplicative property of $;(n) and the Euler product formula [6] we have 


Sk(p) , Su(p?) | Se(p?) 
g(a) = (2 eo gga Yee 
p Pp Pp Pp 
1 1 | | 1 P | D | 
_ II 1 pe + ja : ' plk-La pk : pak la ! ) 
Pp 


l 
oo 


II 
— 
rr 
ple 
| | 
3 
sI-fS- 
ee Se 
3 
i 
4: 
a|3 
-{ 
RIS, 
Q 
4. 
Ss 


1- sna 1 
=~ II i oe I _ 1 
Pp pe Pp prea 
_ ¢(a)¢(ka-1) 
¢(ka) 


This proves the first formula of Theorem 2. 


Similarly, we can also get 


(2n — 1) S,(2°) 
n—1)% 2Qte 


=. (-1)" 18, (n a, Oy 1 ee 
yy yy 


n=1 n=1 


p@ pee pro 


C(ka) i ys ne 
_ S(a)e(ka = 1) |= =D@e = 1) 1 
¢(ka) 2Qa-2(Qka — J) 


This completes the proof of Theorem 2. 
Taking k = 2, then from Theorem 1 we have 


(=-1)"1 _ a%-3 2 pr+1  2%-3 ¢?(a) 
oy S2(n) — 2e41 : (+, ie allie —1  2¢+1¢(2a)’ (4) 


n=1 


Vol. 2 Some identities involving the Smarandache ceil function 49 


where ¢(a) is the Riemann zeta-function. 

Note that ¢(2) = 77/6, ¢(4) = 14/90 and ¢(8) = 7°/9450, from (4) we may immediately 
deduce Corollary 1. 

Corollary 2 follows from Theorem 2 with k = 2. 
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Abstract The structure of principal filters on any po-semigroup S is investigated by using 
the relation NV which is the smallest complete semilattice congruence on S. In particular, 
we prove that for any po-semigroup S, NV is the equality relation on S$ if and only if S is a 
semilattice, and NV is the universal relation on S' if and only if S is the only principal filter. 


We also investigate the complete semilattice congruence classes of S. 


Keywords Principal filters; Complete semilattice congruence; Po-semigroups. 


A po-semigroup is a semigroup S with a partial ordered “<<” such that 
(Va,b,c€ S) a<b=> ac < be and ca < cb. 


Various kinds of po-semigroups have been widely studied by many authors (see [1-5]). In [8], 
the authors have proved that every principal filter of any po-semigroup S can be uniquely 
expressed by the V-classes of S. In this paper, we will consider a structure of principal filter on 
po-semigroups. By using the relation NV’ which is the smallest complete semilattice congruence 
on any po-semigroup S, we will observe that V on any po-semigroup S is the equality relation 
if and only if S is a semilattice and NV is the universal relation if and only if S is the only 
principal filter. 

We first recall some basic notions and terminologies from [2] and [7]. 

Suppose that S is a po-semigroup and T a subsemigroup of S. For a non-empty subset H 
of T, we use (H]r and [H)r to denote the following subsets of S, respectively, 


(H|r = {2 €T | (Aye A)z < y}, 


[H)r ={x eT | Aye H)x > yf. 


In particular, (H]r is denoted by (H] and [H)r by [H) when T = S. A filter F of a po-semigroup 
S is a subsemigroup of S satisfying the following conditions 


(i) a,b € S,ab € F implies that a € F and be F, 


(ii) [F) CF. 
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For every a € S there is a unique smallest filter of S containing a, denoted by N(a), which is 
called the principal filter generated by a. The relation VV on a po-semigroup S' is defined by the 
rule that for any x,y € S, rN y if and only if N(x) = N(y). A congruence o on a po-semigroup 
S is a semilattice congruence if for any a,b € S, (a?,a) € o and (ab,ba) € o. A semilattice 
congruence o on $ is called a complete semilattice congruence if for any a,b € S,a < b implies 
(a,ab) € o. 

According to [3], NM on a po-semigroup S is the smallest complete semilattice congruence 
on S. Of course, S/N is a semilattice Y. We also denote by <y the natural partial order on 
the semilattice Y(= S/N). 

Lemma 1. ((8]) Let S be a po-semigroup and a € S. Then N, is a semiprime ideal of 
N(a). 

Lemma 2. ([8]) Let S be a po-semigroup and a in S, then N(a) = U{No: Np Sy Nat = 
{b ES: Ny, >y Ny}. 

Theorem 3. Let S be a po-semigroup. Then the following are equivalent: 


(i) S is a semilattice; 
(ii) For every a € S, N(a) = [a); 
(iii) MN is the equality relation on S. 


Proof. (i)= (ii). Let S be asemilattice. For any a € Sand x,y € [a), we have x > a,y > a. 
This implies that ry > a? = a and xy € [a). Hence, [a) is a subsemigroup of S. 

To prove that [a) is a filter containing a, we suppose that b,c € S such that be € [a). Then 
we have bc > a and abc = bca = a. Hence, 


ab = ba = abcb = abe=a, ac=ca=abcc = abc =a, 


and so b> a,c >a. This shows that b € [a),c € [a). Since [a) C [a) always holds, [a) is a filter 
containing a, as required. 

Let T be a filter containing a. By the definition of filters, we have [T) C T. Since a € T, 
then [a) C [f) C T. Consequently, [a) is the smallest filter containing a and then N(a) = [a). 

(ii) = (iii). Suppose that aNb for a,b € S. Then [a) = N(a) = N(b) = [b). Since 
a € [a) = [b) and b € [b) = [a), we have that a > b,b > a and so a = b. This implies that 
N= lg. 

(iii) > (i). For any a,b € S, we have N, = {a}, N, = {b}. Since Nq and Nz are both 
semilattice congruence classes of S, it is easy to see that NaNa GC Na and NaN, = NpNa. 
Clearly, a? = a,ab = ba. This shows that S is a semilattice as required. 

Moreover, the partial order on S is the natural order of semilattice. In fact, Ng <y Nz if 
and only if NaN, = NoNa = Na. Since N = 1g, we have that a < 6 if and only if ab = ba = a. 


Theorem 4. Let S be a po-semigroup. Then the following are equivalent: 
(i) A’ is the universal relation on S; 


(ii) S has only one filter and N(a) = S, for any a € S; 
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(iii) S has only one complete semilattice congruence on S. 


Proof. Since N is the smallest complete semilattice congruence on S, it is trivial that (i) 
€>(iii). 

(i) > (ii). Since NV is the universal relation on S which means that for every a € S,Na = S, 
we have that N, C N(a) C S by Lemma 1. Hence N(a) = S as required. 

(ii) => (i). For any a,b € S, we have N(a) = S = N(b). This shows that aNb and N = ws, 
as required. 


Theorem 5. Let o be a complete semilattice congruence on a po-semigroup S and Y the 
semilattice S/o. Then for any a € Y, we have 


(i) Sq is the union of some N-classes; 
(ii) The set T= U{Sg: 8 >y a,8 €Y} is a filter; 


(iii) For any a € Sa, N(a) = T if and only if o is the smallest complete semilattice congruence 
on S. 


Proof. (i) Since NV is the smallest complete semilattice congruence on S, we have that 
(a,b) € N Cov for every a € Sy and b € Ng. It is clear that S, is a semilattice congruence 


class of S and so b € Sy. We have proved that Na C Sg. Consequently, UJ Na C Sq. Clearly, 
acSy 
Sa © U Na. Hence we have So = LU Na. This is exactly the union of some N-classes. 
acSo acS 
(ii) To see that T is a filter, we first prove that T is a subsemigroup of S. Since 9 4 Sq CT, 


T is not empty. For any x,y € T’,, we have @ and y in Y such that z € Sg,y € Sy, B >y a 
and y >y a. This implies that ry € SgS, C Sg, and By >y a. Hence, xy € T and T is a 
subsemigroup of S. 

Suppose that xy € T and x,y € S, we have @,y and 6 in Y such that « € Sy,y € Ss, 
xy € Sg and § >y a. This implies that ry € S155 C Sy5 and y6 = 6 >y a. Since Y is a 
semilattice, it is easy to see that y >y a and 6 >y a. Thus, we have « € T and y € T. 

For any x € [T), there exists an element @ in Y such that x € Sg and an element y in S, 
such that x > y, where y € Y and y >y a. This shows that ry € SgSy, C Sey. Since a isa 
complete semilattice congruence, we can see that (wy,y) € 0. From y € Sy, we immediately 
have xy € S,. Then we have Gy = y and so 8 >y y >y ain Y. Hence, x € T and [T) CT as 
required. We have shown that T is a filter. 

(iii) If o is the smallest complete semilattice congruence on S, we have o = N and Sj is 
a N-class for every a € Y. Then we have S, = N, for any a € Sy. T is the union of all the 
N-classes which are greater than N,. This is exactly the set U{N, : Ny >y Na}. By Lemma 
2, N(a)=Ut{Se: 8 >y a,8€Y}. 

Conversely, suppose that (a,b) € o anda € Sq, then we have b € Sy. Since N(a) = U{Sz : 
B>y a,8 € Y} for any a € Sy, we now have N(a) = N(b) and (a,b) € N, then oa C N. We 
have known that WV is the smallest complete semilattice congruence on S, so ¢g = N and is 


the smallest complete semilattice congruence on S. 


The following Corollary is a direct result of Theorem 5. 
Corollary 6. Let o be a complete semilattice congruence on a po-semigroup S and Y the 
semilattice S/o. For any a € Y anda€ Sq, N(a) CU{Ss: 8 >y a, 8 € Y}. 
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Corollary 7. Let o be a complete semilattice congruence on a po-semigroup S$ and Y 
the semilattice S/o. If there exists a maximal element a in Y such that S$, has no proper 
subsemigroups, we have N(a) = Sq for any a € Sq. 

Proof. Suppose that a is a maximal element in Y. By Corollary 6, we have N(a) C 
U{Se: 8 >y a,8€ Y} = Sq for any a € Sy. This shows that N(a) is a subsemigroup of Sq. 
From a € Sq we know that S, is not empty. Since S, has no proper subsemigroups, we have 
N(a) = Sy. 


Remark. Suppose that @ is a maximal element in Y. If Sq is finite, there must exists 


an idempotent e such that {e} is a subsemigroup of S,. If e is a maximal element in S, and 
ab = e if and only if a = b = e, we know that{e} is a filter. If e isn’t a maximal element in Sq 
and S,, has no proper subsemigroups except {e}, we have Sg = N(a) for every a € Sq. 

Example.The set S = {a,b,c,d,e, f,g} with the multiplication “*” and the order “ <” 
below is a po-semigroup. 


x*la b cde fg 
aja babaooba 
b/b 6b bb b b b 
cla bcdaba 
d|b b dd b b 
ela ba b foe 
b b b f f 
abaobe @ f 


<:= 1s U{(a,0), (a, €), (4,9), (b,4), (0,0), (bd), 
(0, €), (0 f); (b, 9), (d, 6), (€,9), (fe), (Ff, 9)F- 


The Hasse diagram of S is shown below. 


y 


oO 


jon 
oO 


LZ 
NN 


ome 


We now define a complete semilattice congruence o on S as follow: 


g:=1gs Ut{(a, b), (b, a), (c, d), (d, Q) (e; hgR (f, e)}. 
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Then S/o = {{a,b}, {c,d}, {e, f},{g}}. If we denote Sa = {a,b}, Ss = {ed}, Sy = fe, fh, 
Ss = {g}, the order on semilattice Y = S/o is shown below. 


Sy = {(a, a), (8,2), Fi) (6, 6), 
(a, 8), (a, 7), (a, 4), (7, 6)}- 


From the Cayley table above, we know that S is a semilattice. By Theorem 3, we can 
easily see that N(a) = {a,c,e,g}, N(b) = {a,b,c,d,e, f,g}, N(o) = {c}, N(d) = {c,d}, N(e) = 
{e,g}, N(f) = fe, f,g}, N(g) = {g} and NV = 1g. By Corollary 6, we can see that N(a) C 
SaUSeUS,U Ss, N(b) © SaUSeUSyUSs, Ne) © Se, N(d) © Sp, N(e) © SyUSs, 
N(f) C SU Ss and N(g) = Ss by Corollary 7. 
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such that n+ a(n) is a perfect k-th power. In this paper, we studied the convergent property 


. 1 
of the series > (+ ax(n))* by using the elementary methods, and obtained an interesting 


n=1 


identity for it. 
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81. Introduction 


For any given natural number k > 2 and any positive integer n, we call by(n) as the 
Smarandache k-th power complement number of n if b(n) denotes the smallest positive integer 
such that nbz (n) is a perfect k-th power, if k = 2, then we called bo(n) as the square complements 
of n. In problem 27 of [1], Professor F.Smarandache ask us to study the properties of b(n). 
About this problem, some authors have studied it, for example, Liu Hongyan and Gou Su [2] 
used the elementary method to study the mean value properties of b2(n) and balay" Zhang 
Hongli and Wang Yang [3] studied the mean value of 7(b2(n)), and obtained an asymptotic 
formula by using the analytic method. 

Similarly, we define the additive k-th power complements a;(n) of n as follows: az(n) is 
the smallest non-negative integer such that a,(n) +n is a complete k-th power. That is 


az(n) = min{l|n+1=m*,l>0,me N*}. 


If k = 2, we call ag(n) as the additive square complements of n which is defined as the 
smallest positive integer J such that n+ is a perfect square. For example, a2(1) = 0, a2(2) = 2, 
a(3) = 1, a2(5) = 4, a2(6) = 3, ao(7) = 2, ---. 

About this problem, many scholars have studied it and obtained some interesting results. 
For example, Xu Zhefeng [4] proved the following asymptotic formula: 

S- a ( = ee 2-1/k 2-2/k 
w(n) = + O(a ), @>3. 


n<ux 
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Yi Yuan [5] studied the mean value properties of d(n + a(n)), and got the following conclusion: 


S¢ d(n + a(n)) = path? rt Arne + Aor + O(a? +6), 
n<u 


where d(n) is the Dirichlet divisor function, A; and Az are computable constants, € denotes 
any fixed positive number. 


= (n + ax(n)) 
the elementary methods, and obtained an interesting identity for it. That is, we will prove the 


co 
1 
In this paper, we studied the convergent property of the series » ~ by using 
=1 


following: 
Theorem. Let k > 2 be an integer, then for any real number a < 1, the infinity series 


1 
» Gran 
is divergent, it is convergent if a > 1, and 
n=1 


Sas (SDP Ge ha 1) (oka); 


where ¢(s) is the Riemann zeta-function. 
Taking k = 2, a = 2 and k = 3, a = 3 in our Theorem, we may immediately deduce the 


following: 
Corollary. For additive square complements and additive cubic complements, we have the 
identities 
~ 1 
——— 5 = 2¢(3) —¢(4 
2 rane 68) - 4 
and 


= 1 
S- faaniy? = 3¢(7) — 3¢(8) + ¢(9). 


n=1 


§2. Proof of the theorem 
In this section, we will complete the proof of Theorem. For any positive integer n > 1, 
there must be a positive integer m such that 
(m—1)* <n<m*. 


So the number of all such n is m* — (m — 1)* which satisfying a,(n) +n = m*, then from the 
definition of a;,(n), we have 


- 1 ea m* —(m—-1)* 
wean _ 2. mo 
2 (FY) mk-1 — (8) mk-2 + (£) mb-3 — ... = (= 1) #1 (#) m — (-1)* 
- yf (5) m** + Gs) — (DF r= (=)) 


= (*) C(ka—k+1)— (8) C(ka— k +2) + (8) C(ka — k +3) 
—+++—(-1)** (f) ¢(ka — 1) — (-1)*¢ (ka). 
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This completes the proof of Theorem. 
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Let A = {a(m)}7°_1 be a sequence. If the sequence B = {b(m)}?>_, satisfying 
b(m) = S° a(k)a(m—k+1),m> it, (1) 
k=1 


then B is called the Smarandache reverse auto correlated sequence of A, and denoted by SRACS(A). 
Further, for any positive integer n, let SRAC'S(n, A) denote the n times Smarandache reverse auto cor- 
related sequence of A. Then we have SRAC'S(1, A) = SRACS(A), SRACS(2, A) = SRACS(SRACS(A)) 


and 
SRACS(n, A) = SRACS(SRACS(n — 1, A)),n > 1. (2) 


Recentely, Muthy [1] proposed the following conjecture: 


Conjecture. For any positive integer n, if a(m) = m (m > 1) and SRACS(n, A) = B= 
{b(m)} =1, then 


artt tm —1 
b(m) = a sm>i (3) 


In this paper we completely verify the above-mentioned conjecture as follows. 


Theorem. For any positive integer n, if a(m) = m(m > 1) and SRACS(n, A) = B = {b(m) }=1, 
then b(m) (m > 1) satisfy (3). 


Proof. For a fixed sequence A = {a(m)}7°_1, let 


f(A; x) = a(1) + a(2)a + a(3)a? +--+. = S- a(m)x”"—*. (4) 


m=1 


Further, let B = {b(m)}?>_1 be the Smarandache reverse auto correlated sequence of A, and let 


g(A; x) = (1) + b(2)a + 0(3)a? +++» = S° b(m)a™™. (5) 
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Then, by the definition of multiplication of power series (see [2]), we see from (1), (4) and (5) that 
g(As a) = (f(As2))?. (6) 


Furthermore, for a fixed positive integer n, if SRACS(n, A) = B = {b(m)}7°_, and 
g(n, A; a) = (1) + (2) + 0(3)a? +--+» = S> o(m)a™™, (7) 
m=1 


then from (2) and (6) we obtain 
g(n, Asa) = (f(Asa))"". (8) 
If a(m) = m for m > 1, then we get 


f(Ajx) =14 29432? 4... = ys me =e); (9) 


m=1 


by (4). Therefore, by (8), if SRACS(n, A) = B = {b(m)}%_, and g(n, A; x) satisfies (7), then from 
(9) we obtain 


antl a4 m—1 


: = a a 7 m-1 
g(n, A;x) = (1 — a) =>) eg 1 (10) 


m=1 


Thus, by (7) and (10), we get (3). The theorem is proved. 


References 


[1] A.Murthy, Smarandache reverse auto correlated sequences and some Fibonacci derived Smaran- 
dache sequences, Smarandache Notions J., 12(2001), 279-282. 
[2] I. Niven, Formal power series, Amer. Math. Monthly, 76(1969), 871-889. 


Scientia Magna 
Vol. 2 (2006), No. 1, 60-63 


Smarandache Partitions 


Muneer Jebreel Karama 
SS-Math-Hebron 
UNRWA 
Hebron Education Office 


Jerusalem box 


Abstract I study Smarandache numbers partitions, and the partitions set of these numbers. 
This study conducted by Computer Algebra System namely, Maple 8. 
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bers partitions P(s(n)). 


81.1 The procedure 


Using the following procedure, we can verify the number of unrestricted partitions of the 
Smarandache numbers n is denoted by P(s(n)). With the Maple ( V. 8 )[see, 2] definitions. 

S:= proc(n::nonnegint) 

option remember; 

local 2, 7, fact: 

fact:=1: 

for i from 2 while irem ( fact, n)<>0 do 

fact := fact *%: 

od : 

return 7 — 1: 

end proc: 

b:= proc(n::nonnegint ) 

option remember; 

with (combstruct): 

count (Partition(n)); 

end proc: 

This procedure can verify the number of partitions, very fast, for example, it can verify the 
number of partitions of 200 in 0.2 second, while George Andrews said that ” Actual enumeration 
of the P(200) = 3972999029388 would certainly take more than a lifetime, [1, p 150].” 

Below the first 100 Smarandache numbers verifying by the above procedure: 


§1.2 Partition counting of Smarandache numbers 


By using the above procedure, we can got the first 100 partitions of Smarandache numbers 
as follows: 
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P(s(1))=1  P(s(2))=2 = P(s(3)) =3 ~~ P(s(4)) =5 

P(s(5))=7 P(s(6))=3 P(s(7))=15  P(s(8)) =5 

P(s(9))=11 P(s(10))=7 P(s(11))=56 P(s(12)) =5 
P(s(13))=101 P(s(14))=15 P(s(15))=7 P(s(16)) =11 
P(s(17))=297  P(s(18))=11 P(s(19))=490  P(s(20)) =7 
P(s(21))=15 P(s(22))=56 P(s(23))=1255 P(s(24)) =5 
P(s(25)) =42  P(s(26))=101  P(s(27))=30 P(s(28)) =15 
P(s(29)) = 4565  P(s(30))=7  P(s(31)) =6842  P(s(32)) = 22 
P(s(33)) =56  P(s(35))=297 P(s(35))=15 P(s(36)) = 11 
P(s(37)) = 21637 P(s(38)) = 490  P(s(39))=101  P(s(40)) =7 
P(s(41)) = 44583 P(s(42))=15  P(s(43)) = 63261  P(s(44)) = 56 
P(s(45))=11  P(s(46)) = 1255  P(s(47)) =124754 —P(s(48)) = 11 
P(s(49)) =135 — P(s(50)) = P(s(51)) =297 -P(s(52)) = 101 
P(s(53)) = 329931 ie =30 P(s(55))=56 P(s(56)) = 15 
P(s(57)) =490  P(s(58)) = 4565  P(s(59)) = 831820  P(s(60)) =7 
P(s(61)) = 1121505 = P(s(62)) = 6842 P(s(63))=15  P(s(64)) = 22 
P(s(65))=101  P(s(66))=56  P(s(67)) = 2679689  P(s(68)) = 297 
P(s(69)) =1255 =P(s(70))=15  P(s(71)) = 4697205 P(s(72)) =11 
P(s(73)) = 6185689 P(s . = 21637  P(s(75))=42  P(s(76)) = 490 
P(s(77))=56  P(s(78)) = P(s(79)) = 13848650  P(s(80)) = 11 
P(s(81)) =30  P(s(82)) = 44583 P(s(83)) = 23338469 P(s(84)) = 15 
P(s(85)) =297 P(s(86)) = 63261 P(s(87))=4565  P(s(88)) = 56 
P(s(89)) = 49995925 P(s(90))=11  P(s(91))=101  P(s(92)) = 1255 
P(s(93)) = 6842  P(s(94)) = 124754 P(s(95)) = 490  P(s(96)) = 22 
P(s(97)) = 133230930 P(s(98)) = 135  P(s(99))=56  —-P(s(100)) = 42 


We can not (without lose of generality )that: P(s(4)) = P(s(8)) = P(s(12)) = P(s(24)), 
this is because s(4) = s(8) = s(12) = s(24) = 4, and so on. 


§2.1 The procedure of partitions sets 


Now, the following procedure, we can verify the unrestricted partitions of the Smarandache 
numbers. With the Maple ( V. 8 ) definitions. 


S:= proc (n::nonnegint) 


option remember; 


local 7, 7, fact: 


62 Muneer Jebreel Karama No. 1 


fact :=1: 

for i from 2 while irem ( fact, n)<> 0 do 
fact:= fact *%: 

od : 

return 2 — 1: 

end proc: 

b:= proc (n::nonnegint) 
option remember; 

with (combstruct): 
allstructs (Partition(n)); 
end proc: 


§2.2 Partition Sets of Smarandache numbers 


By using the above procedure, we can got the first 15 partition sets of Smarandache 
numbers as follows: 


PartitionSetOf —(s(1)) = [[1]], 

PartitionSetOf —(s(2)) = [[1, 1], [2]], 

PartitionSetOf —-(s(3)) = [[[1,1, 1], [1,2], 3], 

PartitionSetOf —(s(4)) = [[1, 1,1, 1], [1, 1, 2], [2,2], [1,3], [4], 

PartitionSetOf —-(s(5)) = {[ (1,1, 1,1, 1], (1,1, 1,2], (1, 2,2], (1, 1,3], [2,3], (1, 4], [5] J}, 
PartitionSetOf —(s(6)) = {[ (1,1, 1], [1,2], [3] ]}, 

PartitionSetOf —(s(7)) = {[[1,1,1,1,1, 1,1], (1, 1,1, 1,1, 2], [1, 1, 1,2, 2], (1, 2, 2,2], (1, 1,1,1,3], 


(1,1, 2, 3], [2, 2,3], (1,3, 3], [1, 1,1, 1, 4], [1, 2, 4], [3, 4], [1, 1, 5], [2,5], [1,6 7 }}, 


PartitionSet Of (s(8)) = fl (1,1,1, 1], (1, 1,2], [2,2], (1, 3], [4] h, 

PartitionSetOf —(s(9)) = {[ 1,1, 11,11], (1,1, 1,1, 2], [1, 1, 2, 2], (2,2, 2], [1, 1,1, 3], (1, 2, 3], 
[3,3], [1, 1, 4], (2, 4], [1, 5], [6] J}, 

PartitionSetOf — (s(10)) = 4[ [1,1,1,1, 1], [1,1, 1,2], [1, 2,2], [1, 1,3], [2,3], [1,4], (5) J}, 


PartitionSetOf (s(11)) = {[[1,1,1,1,1,1,1,1,1,1, Y),[1,1,1,1,1,1,1,1,1, 2], [1,1,1,1,1,1,1, 2, 2], 
1,1,1,1,1,2,2,2],[1,1,1,2,2,2, 2], [1,2,2,2,2,2],[1,1,1,1,1,1,1,1,3], [1,1,1,1,1,1, 2,3], 
1,1,1,1,2, 2,3], [1,1, 2,2, 2, 3], [2,2,2, 2,3], [1,1,1,1,1,3, 3], [1, 1,1, 2,3, 3], [1, 2, 2,3,3,], 
1,1,3,3, 3], [2,3, 3,3], [1,1,1,1,1,1, 1,4], [1,1,1,1, 1, 2,4], [1,1, 1, 2, 2, 4], [1, 2, 2, 2, 4], 
1,1,1,1, 3,4], [1, 1, 2, 3, 4], [2, 2, 3, 4], [1,3, 3,4], [1,1, 1, 4, 4], [1, 2, 4, 4], [3, 4, 4], [1,1,1,1,1, 5), 
1,1,1,1, 2,5], [1, 1, 2, 2, 5], [2, 2, 2,5], [1,1,1,3, 5], [1, 2, 3, 5], (3,3, 5], [1, 1, 4, 5), [2, 4,5], [1,5, 5, ], 
1,1,1,1,1,6], [1, 1,1, 2, 6], [1, 2, 2, 6], [1, 1, 3, 6], [2,3, 6], [1, 4, 6], [5, 6], [1, 1,1, 1, 7], [1,1, 2, 7], [2, 2, 7], 
1,3, 7], [4, 7], [1, 1, 1, 8], [1, 2, 8], [8, 8], [1, 1, 9], [2, 9], [1, 10], [11] J}, 

PartitionSetOf (s(12)) = {[ [1,1,1, 1], (1, 1, 2], [2, 2], [1,3], [4] J}, 

PartitionSetOf (s(13)) = {[ [1,1,1,1,1,1,1,1,1,1,1,1,1], [1,1,1,1,1,1,1,1,1,1,1, 2], 
1,1,1,1,1,1,1,1,1, 2,2], [1,1,1,1,1,1,1, 2, 2, 2], [1,1,1,1,1,2,2, 2,2], [1,1,1,2,2,2,2, 2], 
1,2,2,2,2,2,2],[1,1,1,1,1,1,1,1,1,1,3], [1,1,1,1,1,1,1,1,2,3],[1,1,1,1,1,1, 2,2, 3], 
1,1,1,1,2,2,2,3],[1,1,2,2,2,2, 3], (2,2, 2,2, 2,3], [1,1,1,1,1,1,1,3, 3], [1,1,1,1,1,2, 3,3], 

1,1,1, 2, 2,3, 3], [1, 2, 2, 2,3, 3], [1,1,1,1, 3, 3,3], [1, 1, 2, 3,3, 3], [2, 2, 3,3, 3], [1, 3, 3,3, 3], 


If 
hf 


| 


[ 
[ 
[ 
[ 
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1,1,1,1,1,1,1,1,1, 4], [1,1,1,1,1,1,1, 2,4], [1,1,1,1,1,2,2,4],[1,1,1, 2,2, 2,4], [1,2,2,2,2,4], 
1,1,1,1,1,1,3,4], [1,1,1,1, 2,3, 4], [1, 1, 2, 2,3, 4], [2, 2, 2,3, 4], [1,1,1,3, 3, 4], [1, 2,3, 3, 4], 
3, 3,3, 4], [1, 1,1, 1,1, 4,4], [1, 1, 1, 2,4, 4], [1, 2, 2, 4, 4], [1, 1,3, 4, 4], [2, 3, 4, 4], [1, 4, 4, 4], 
1,1,1,1,1,1,1,1, 5], [1,1,1,1,1,1, 2,5], [1, 1,1, 1,2, 2,5), [1,1, 2, 2, 2, 5), [2, 2, 2, 2, 5], 
1,1,1,1,1,3, 5], [1, 1,1, 2,3, 5), [1, 2, 2,3, 5], [1, 1,3, 3, 5][2, 3,3, 5], [1, 1, 1,1, 4, 5], [1,1,2,4, 5], 
2,2, 4,5], (1,3, 4, 5], [4, 4, 5], [1, 1, 1,5, 5], [1, 2, 5, 5], (8,5, 5] J, [1,1,1,1,1,1,1, 6], [1,1,1,1,1, 2,6], 
1,1,1, 2, 2,6], [1, 2, 2, 2,6], [1, 1,1, 1,3, 6], [1, 1, 2,3, 6], [2,2, 3,6, ], [1,3, 3, 6], [1,1,1, 4, 6], 
1,2,4, 6], [3, 4, 6], [1, 1,5, 6], [2, 5, 6], [1, 6, 6], [1,1,1,1,1,1, 7], [1,1,1, 1,2, 7], [1, 1,2, 2, 7],, 
2,2,2, 7], [1,1,1, 3, 7][1, 2,3, 7], [3, 3, 7], [1,1, 4, 7], (2,4, 7], [1, 5, 7], (6, 7], [1,1,1,1, 1,8], 
1,1,1, 2, 8], [1, 2, 2,8], [1, 1,3, 8], [2, 3,8], [1, 4, 8], [5, 8), (1,1, 1,1, 9], [1, 1, 2,9], [2, 2, 9], [1, 3,9], 
4,9], [1, 1,1, 10], [1, 2, 10], [3, 10], [1, 1, 11], [2, 11], [1, 12], [13}]}, 
PartitionSet Of (s(14)) = {[ [1,1,1,1,1,1, 1], [1,1,1,1, 1, 2], [1, 1,1, 2, 2], [1, 2, 2, 2], 
1,1,1, 1,3}, [1, 1, 2, 3}, [2, 2, 3], [1, 3, 3], [1, 1, 1, 4], [1, 2, 4], [8, 4], [1, 1, 5], [2, 5], [1,6], [7] J}, 
PartitionSetOf —(s(15)) = {[ (1,1, 1,1, 1], (1,1, 1,2], [1, 2, 2], (1, 1, 3], [2,3], [1,4], [5] J}, 
We can not (without lose of generality ) that: Partitions of P(s(4)) = P(s(8)) = P(s(12)) = 
P(s(24)), this is because all of them have the same Smarandache numbers and the same parti- 


tions sets, and so on. 
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Abstract A Smarandache multi-space is a union of n,n > 2 spaces Aj, Ao,--:,An with 
some additional conditions. Combining classical groups with Smarandache multi-spaces, the 
conception of multi-group spaces is introduced in this paper, which is a generalization of the 
classical algebraic structures, such as the group, the filed, the body, ---, etc.. Similar to 


groups, some characteristics of multi-group spaces are obtained in this paper. 


Keywords multi-space; group; multi-group space; Jordan-H6lder theorem. 


81. Introduction 


The notion of multi-spaces is introduced by Smarandache in [5] under his idea of hybrid 
mathematics: combining different fields into a unifying field ([6]). Today, this idea is widely 
accepted by the world of sciences. For mathematics, definite or exact solution under a given 
condition is not the only object for mathematician. New creation power has emerged. New era 
for mathematics has come now. 

A Smarandache multi-space is defined by 

Definition 1.1 For any integer i,1 <i< n, let A; be a set with ensemble of law Li, 
and the intersection of k sets Aj,,Ai,,-++ , Ai, of them constrains the law I(Aj,, Ai,,-++ , Ai, )- 
Then the union of Aj, 1<i<n 


aie 


i=1 
is called a multi-space. 


The conception of multi-group spaces is a generalization of the classical algebraic structures, 
such as the group, the filed, the body, ---, etc., which is defined as follows. 


“ay n 
Definition 1.2 Let G = U G; be a complete multi-space with a binary operation set 


i=1 
O(G) = {xi,1<i<n}. If for any integer i,1 <i<n, (Gi; x;) is a group and for Va, y,z€G 
and any two binary operations “x” and “o” , x #0, there is one operation, for example 


“ ” 


the operation x satisfying the distribution law to the operation “o” provided their operation 


results exist , 1.€., 


xx (yoz) = (xx y) 0 (x x 2), 
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(yoz)xxz=(yxaz)o(zx2z), 


then G is called a multi-group space. 
Remark: The following special cases convince us that the multi-group spaces are gener- 
alization of the group, the field and the body, ---, etc.. 


(i) Ifn = 1, then G = (Gy; x1) is just a group. 
(it) Ifn = 2,G) = Go = G, Then G is a body. If (G1; X1) and (G2; x2) are commutative 
groups, then G is a field. 


Notice that in [7|and[8] various bispaces, such as bigroup, bisemigroup, biquasigroup, 
biloop, bigroupoid, biring, bisemiring, bivector, bisemivector, binear-ring, ---, etc., consider 


two operations on two different sets are introduced. 


§2. Characteristics of multi-group spaces 


For a multi- group space G and a subset Gi Cc G. if Gh is also a multi-group space under 
a subset O(G1),O(Gi) C O(G), then G is called a multi-group subspace, denoted by Gy = G. 
We have the following criterion for the multi- “group | subspaces. 


Theorem 2.1. For a multi-group space G = U G; with an operation set O(G) = {x;|1 < 
i=1 


i <n}, a subset Ci CGisa multi-group subspace if and only if for any integer k,l <k <n, 
(Gy ()Gx; Xx) 18 @ subgroup of (Gx; XK) or GiG, =9. 

Proof. If G, isa multi-group space with the operation set O(G4) ={x_,|\l <7 53} -C 
O(G), then 


&=-UENe=-Ue, 
i=1 j=l 


where Gj, X Gi, and (Gi;3 x i,) is a group. Whence, if Gi(\Gy #0, then there exist an 
integer 1, k = i, such ‘that GAG = G ies (Gy () Gx; Xx) is a subgroup of (Gz; Xx). 


Now if for any integer k, cen () Gx; Xx) is a subgroup of (Gy; Xx) or Gi (1G, = 9, let N 
denote the index set & with Gi (|G, #9. Then 


=UG)e) 
jEN 

and (Cy (\G;, xj) is a group. Since Ge GC and O(Gi) C O(G), the associative law and 
distribute law are also true for the Ci: Therefore, Gi is a multi-group subspace of G, 

For a finite multi- group subspace, we get the following criterion. 

Theorem 2.2. Let G be a finite multi-group space with an operation set O(G G) = = {x,|l< 
i <n}. A subset Gy of G is a multi-group subspace under an operation subset O(G1) C O(G) 
if and only if for each operation “x” in O(G4), (Gh; x ) is complete. 

Proof. Notice that for a multi-group space en its each multi-group subspace Gi is 
complete. 


66 Linfan Mao No. 1 


Now if en is a complete set under each operation “x;” in OG), we know that (Gy () Gi; xi) 
is a group (see also [9]) or an empty set. Whence, we get that 
Gi = UG }G). 
i=l 
Therefore, Gi isa multi-group subspace of G under the operation set O(G). 
For a multi-group subspace H of the multi-group space G, g € G, define 


gH = {g x h|h € H, x € O(H)}. 


Then for Vz, y € G, 


cH \yH =0 or tH = yH. 


In fact, if cH(\\yH 4 O, let z € aH (\yH, then there exist elements h1,h2 € H and 
operations “x,” and “x,” such that 


z=axjhy=y Xj; he. 


Since H is a multi-group subspace, (H () Gj; x;) is a subgroup. Whence, there exists an 
inverse element hy! in (H() Gi; x;). We get that 


uv XE hy Xi hy* =Y Xj ho Xi i 


That is, 
L=Y Xj ho Xi ae 

Whence, 

cH G yH 
Similarly, we can also get that 

«tH a) yH 
Therefore, we get that 

vH = yH. 


Denote the union of two sets A and B by A@ B if Af) B =9. Then we get the following 
result by the previous proof. 

Theorem 2.3. For any multi-group subspace H of a multi-group space G, there is a 
representation set T, TC G. such, that 


G= Dail 
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For the case of finite groups, since there is only one binary operation “x” and |xH| = |yH| 
for any x,y € G, we get the following corollary, which is just the Lagrange theorem for finite 
groups. 

Corollary 2.1. (Lagrange theorem) For any finite group G, if H is a subgroup of G, then 
|H| is a divisor of |G]. 

For a multi-group space G and gE G, denote by O(g) all the binary operations associative 
with g and by G(x) the elements associative with the binary operation “x” . For a multi- 
group subspace H of G,xe O(H) and Vg € G(x), if Vh € H, 


gxhxg ed, 


then call H a normal multi-group subspace of a, denoted by H4«G. If is a normal 
multi-group subspace of G, similar to the normal subgroup of a group, it can be shown that 
g x H = H x g, where g € G(x). We have the following result. 


Theorem 2.4. Let G = (J G; be a multi-group space with an operation set O(G) = 
i=1 
{x,|l <i<n}. Then a multi-group subspace H of G is normal if and only if for any integer 
i,l<i<n, (AN Gi; Xi) is a normal subgroup of (Gi; xi) or HNG: =. 
Proof. We have known that 


If for any integer i,1 <i <n, (AN Gj; X;) is a normal subgroup of (G;; x;), then we know 
that for Vg € Gij,l <i<n, 


g Xi (A (Gi) xi gt => H()G. 
Whence, for Vo € O(H) and Vg € G(o), 
goHog = H. 


That is, H is a normal multi-group subspace of G. 
Now if H is a normal multi-group subspace of re then by definition, we know that for 
Vo € O(H) and Vg € G(o), 


goHog =H. 


Not loss of generality, we assume that o = x,, then we get that 


9 Xk (H{ Gr) Meg =O Ge. 


“ »” 


Therefore, (H(Gx; Xx) is a normal subgroup of (Gx, xx). For the operation “o” is 
chosen arbitrarily, we know that for any integer i, 1 <i <n, (H() Gi; x;) is a normal subgroup 
of (Gi; x;) or an empty set. 
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For a multi-group space G with an operation set O(G) = {x;| 1 < i < n}, an order of 


= 
operations in O(G) is said an oriented operation sequence, denoted by O(G). For example, if 
O(G) = {X1, X23}, then x, > X2 > x3 is an oriented operation sequence and x2 > X1 > X3 
is another. 


as 
For an oriented operation sequence O(G), we construct a series of normal multi-group 
subspaces 


Gp G,>Goo---eG,, = {1y,} 


by the following programming. 
STEP 1: Construct a series 


CeCybCih-ECn, 


” 


under the operation “x, 


STEP 2: If a series 


Ga-ayh Db Cs > Gio Dee? D Cris 


has be constructed under the operation “x,” and Cu. # {1x}, then construct a series 
Gri, > Geegsy1 > Geeta b> Gcetiylegs 


under the operation “Xp41” . 


This programming is terminated until the series 


Gin-)h > Gni > Gn2 Bees Grip, — {1x} 
has be constructed under the operation “x,” 
The number m is called the length of the series of normal multi-group subspaces. For a 


series 


CoG bGor--bGy= te} 


of normal multi-group subspaces, if for any integer k,s,1<k<n,1<s < lx, there exists 


a normal multi-group subspace H such that 


Chis > H > Gist) 


then H = Ces or H = Ge(o41)s we call this series is maximal. For a maximal series of finite 
normal multi-group subspaces, we have the following result. 


fea n 
Theorem 2.5. For a finite multi-group space G = (J G; and an oriented operation 
i=1 


sequence OG), the length of maximal series of normal multi-group subspaces is a constant, 
only dependent on G itself. 
Proof. The proof is by the induction on the integer n. 
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For n = 1, the maximal series of normal multi-group subspaces is just a composition series 
of a finite group. By Jordan-Holder theorem (see [1] or [3]), we know the length of a composition 
series is a constant, only dependent on G. Whence, the assertion is true in the case of n = 1. 

Assume the assertion is true for cases of n < k. We prove it is also true in the case 
of n = k+1. Not loss of generality, assume the order of binary operations in O(G) being 
xX, > Xg> +++ > Xp, and the composition series of the group (G1, x1) being 


Gi >Gop---PG, = {lx,}. 


By Jordan-Holder theorem, we know the length of this composition series is a constant, 
dependent only on (G; x1). According to Theorem 3.6, we know a maximal series of normal 
multi-group subspace of G gotten by the STEP 1 under the operation “x,” is 


Gb G\ (G1 \ G2) > G\ (Gi \ Gs) >> G\ (Gr \ {1x,}). 


Notice that G\ (Gy \ {1x, }) is still a multi-group space with less or equal to k operations. 
By the induction assumption, we know the length of its maximal series of normal multi-group 
subspaces is only dependent on G \ (G \ {1x,}), is a constant. Therefore, the length of a 
maximal series of normal multi-group subspaces is also a constant, only dependent on GC. 

Applying the induction principle, we know that the length of a maximal series of normal 
multi-group subspaces of G is a constant under an oriented operations O(a), only dependent 
on G itself. 

As a special case, we get the following corollary. 

Corollary 2.2. (Jordan-Hélder theorem) For a finite group G, the length of the compo- 


sition series is a constant, only dependent on G. 


§3. Open Problems on Multi-group Spaces 
Problem 3.1 Establish a decomposition theory for multi-group spaces. 
In group theory, we know the following decomposition results( [1] and [3] ) for a group. 


Let G be a finite Q-group. Then G can be uniquely decomposed as a direct product of finite 


non-decomposition Q-subgroups. 
Each finite Abelian group is a direct product of its Sylow p-subgroups. 
Then Problem 3.1 can be restated as follows. 


Whether can we establish a decomposition theory for multi-group spaces similar to above 


two results in group theory, especially, for finite multi-group spaces? 


Problem 3.2 Define the conception of simple multi-group spaces for multi-group spaces. 
For finite multi-group spaces, whether can we find all simple multi-group spaces? 


For finite groups, we know that there are four simple group classes ([9]): 


Class 1: the cyclic groups of prime order; 
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Class 2: the alternating groups A,,n > 5; 
Class 3: the 16 groups of Lie types; 


Class 4: the 26 sporadic simple groups. 


Problem 2.3 Determine the structure properties of a multi-group space generated by finite 
elements. 


For a subset A of a multi-group space G , define its spanning set by 


(A) = {a0 bla,b € A and o € O(G)}. 


If there exists a subset A C G such that G = (A), then call G is generated by A. Call G 
is finitely generated if there exist a finite set A such that G = (A). Then Problem 2.3 can be 
restated by 


Can we establish a finite generated multi-group theory similar to the finite generated group 
theory? 
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In [1], Sloane has defined the multiplicative persistence of a number in the following man- 
ner. Let’s N be any n-digits number with N = x1 %2%3---%» in base 10. Multiplying together 
the digits of that number (21-r2-----2,), another number N’ results. If this process is iterated, 
eventually a single digit number will be produced. The number of steps to reach a single digit 
number is referred to as the persistence of the original number N. Here is an example: 


679 — 378 — 168 — 48 — 32 — 6. 


In this case, the persistence of 679 is 5. 

Of course, that concept can be extended to any base b. In [1], Sloane conjectured that, in 
base 10, there is a number c such that no number has persistence greater than c. According to a 
computer search no number smaller than 10°° with persistence greater than 11 has been found. 
In [2], Hinden defined in a similar way the additive persistence of a number where, instead of 
multiplication, the addition of the digits of a number is considered. For example, the additive 
persistence of 679 is equal to 2. 


679 — 22 > 4. 


Following the same spirit, in this article we introduce two new concepts: the Smarandache 
P-persistence and the Smarandache S-persistence of a prime number. Let X be any n-digits 
prime number and suppose that X = 212%2%3---2p in base 10. If we multiply together the 
digits of that prime (x, -a2----- Xp) and add them to the original prime (X + #1 -a2----- Ln) 
a new number results, which may be a prime. If it is a prime then the process will be iterated 
otherwise not. The number of steps required to X to collapse in a composite number is called 
the Smarandache P-persistence of prime X. As an example, let’s calculate the Smarandache 
P-persistence of the primes 43 and 23: 


43 — 55; 


23 = 29 = 47 > 75, 


which is 1 and 3, respectively. Of course, the Smarandache P-persistence minus 1 is equal 
to the number of primes that we can generate starting with the original prime X. Before 
proceeding, we must highlight that there will be a class of primes with an infinite Smarandache 


P-persistence; that is, primes that will never collapse in a composite number. Let’s give an 
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example: 
61 — 67 — 109 — 109 — 109---. 


In this case, being the product of the digits of the prime 109 always zero, the prime 61 will 
never reach a composite number. In this article, we shall not consider that class of primes since 
it is not interesting. The following table gives the smallest multidigit primes with Smarandache 


P-persistence less than or equal to 8: 


Smarandache P-persistence Prime 
11 
29 
23 

347 

293 

239 
57487 
486193 


COy;nN DD] o;rP wy wmlr 


By looking in a greater detail at the above table, we can see that, for example, the second 
term of the sequence (29) is implicitly inside the chain generated by the prime 23. In fact: 


29 — 47 — 75 


23 — 29 — 47 — 75 


We can slightly modify the above table in order to avoid any prime that implicitly is inside 
other terms of the sequence. 


Smarandache P-persistence Prime 
11 
163 
23 
563 
1451 
239 
57487 
486193 


COy;nNI OD] oye], wrwyr 


Now, for example, the prime 163 will generate a chain that isn’t already inside any other 
chain generated by the primes listed in the above table. What about primes with Smarandache 


P-persistence greater than 8? Is the above sequence infinite? We will try to give an answer 
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to the above question by using a statistical approach. Let’s indicate with DL the Smarandache 
P-persistence of a prime. Thanks to an u-basic code the occurrrencies of L for different values 
of N have been calculated. Here an example for N = 10% and N = 108: 


300008 
250006 
ZOHO - 
{5000R 
190006 
SECIIG fern = a 


a 
= 
z 
Re 
a 
ws 
Pry 
a 


Figure 1. Plot of the occurrencies for each P-persistence at two different values of N. 


The interpolating function for that family of curves is given by: 
a(N) : e ON) E 


where a(n) and b(n) are two function of N. To determine the behaviour of those two functions, 
the values obtained interpolating the histogram of occurencies for different N have been used: 


N a b 
1.00E + 04 2238.8 1.3131 
1.00£ + 05 17408 1.4329 
1.00E + 06 121216 1.5339 
1.00E + 07 1.00E + 06 1.6991 
1.00E + 08 1.00E + 07 1.968 
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y= pind) +0548 


ae +e ee ——-—- | 


R= 08573 
Lay i. had ~ * 
baa | a eo oc — = 


Figure 2. Plot of the two functions a(N) and b(N) versus NV 


According to those data we can see that : 
a(N)xk-N  bv(N) h-In(N)+c 


where k, h and c are constants (see Figure 2). 
So the probability that L > M (where M is any integer) for a fixed N is given by: 


fies kN - e7 (hin N+c)-Lap -( 
OPN. e-(kinN+e)Lqp, © 
0 


h-ln N+c)-M 


P(L>M)x 


and the counting function of the primes with Smarandache P-persistence L = M below N is 
given by N- P(L = M). In Figure 3, the plot of counting function versus N for 4 different DL 
values is reported. As we can see, for L < 15 and L > 15 there is a breaking in the behaviour of 
the occurrencies. For L > 15, the number of primes is very very small (less than 1) regardless 
the value of N and it becomes even smaller as N increases. The experimental data seem to 
support that DZ cannot take any value and that most likely the maximum value should be L = 14 
or close to it. So the following conjecture can be posed: 

Conjecture 1. There is an integer M such that no prime has a Smarandache P-persistence 


greater than M. In other words the maximum value of Smarandache P-persistence is finite 


1.006 +42 i os . = & 


1 WE +S 
1, QE 34 
1.086 +30 


OCCUrencies 


1DOE-DS - 
4.G05-10 
1.00E-1 4 


Figure 3. Counting function for the P-persistence for difference values of Nv 
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Following a similar argumentation the Smarandache S-persistence of a prime can be de- 
fined. In particular it is the number of steps before a prime number collapse to a composite 
number considering the sum of the digits instead of the product as done above. For example 
let’s calculate the Smarandache S-persistence of the prime 277: 


277 — 293 — 307 — 317 — 328. 


In this case we have a Smarandache S-persistence equal to 4. The sequence of the smallest multi- 
digit prime with Smarandache S-persistence equal to 1,2,3,4--- has been found by Rivera [3]. 
Anyway no prime has been found with the Smarandache S-persistence greater than 8 up to 
N = 18038439735. Moreover by following the same statistical approach used above for the 
Smarandache P-persistence the author has found a result similar to that obtained for the 
Smarandache P-persistence(see [3] for details). Since the statistical approach applied to the 
Smarandache P and S persistence gives the same result (counting function always smaller than 
1 for L > 15 ) we can be confident enough to pose the following conjecture: 


Conjecture 2. The maximum value of the Smarandache P and S persistence is the same. 
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Abstract Let n be any positive integer, the Smarandache function S(n) is defined as 
S(n) = min{m : n|m!}. In this paper, we discussed the solutions of the following equation 
involving the Smarandache function: S(m,) + S(me2)+---+S(mxg) = S(mi +me2+-++-+m«), 


and proved that the equation has infinity positive integer solutions. 
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81. Introduction 


For any positive integer n, the Smarandache function S(n) is defined as follows: 
S(n) = min{m: n|m!}. 
From this definition we know that S(n) = max {5(p;')}, if n has the prime powers factoriza- 
<i<r 
tion: n = p{'ps?---per. Of course, this function has many arithmetical properties, and they 
are studied by many people (see references [1], [4] and [5}). 
In this paper, we shall use the elementary methods to study the solvability of the equation 


S(m1) + S(me2) +--+ + S(mpg) = S (my + me + +++ + me), 


and prove that it has infinity positive integer solutions for any positive integer k. That is, we 
shall prove the following main conclusion: 


Theorem. For any integer k > 1, the equation 
S(m1) + S(m2) +--+ + S(me) = S(mi + me +--+ + mx) (1) 


has infinity positive integer solutions. 


§2. Proof of the theorem 


In this section, we shall give the proof of the theorem in two ways, the first proof of the 
theorem is based on the following: 
Lemma 1. For any positive integer m, there exist positive integers al™ af™ , ee 


which are independent of x, satisfying 


=@-Ne-2)-@=m)+ Yl @-NE-2)>--@- mera, (2) 
l=1 


'This work is supported by the N.S.F(60472068) of P.R.China 
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where x is an arbitrary real number. 
Proof. We use induction to prove this Lemma. It is clear that the lemma holds if m = 1. 
That is, c = (a —1)+ 1 holds for any real number z, so we get 


(1) _ 


Now we assume that the lemma holds for m = k (k > 1), then form = k+ 1, we have 


a®+l = (ae —1)(a—2)-+-(2—k) + a) x(a — 1)(a@—2)-+- (a k+l) tax 


(k+1)(a —1)(@ — 2)---(w—k) + 


k-1 
+ So af (a —1)(e@-2)---(@-k +) (@-k+1-1)+ 

l=1 

k-1 
+ >of) (ek —141)(@ - 1)(2 - 2)---(@-— b+) + af (@ —1) + a 
l=1 


k-2 
+o al? (e-1(e-2)---(@—k+)4 
I=1 
k-2 
+ raf? (k-141)(@- (a —2)-+-(a@— bk +1) + (20K, + a)(@ — 1) + af? 


= (x-1)(e-2)---(e—k—-1)+(k+1+a\”)(@—1)(@ -2)---(a@—k) + 
k-2 

+ Sa, +a (14 D)(@— Y(@—2)---(@— 4D + 

l=1 


k k k 
+(2a,!), + af”)(@ — 1) +44? 


so we can take 


alk) =k+1+ al®) (3) 

att) = af) + aj" (k-14+2), (2<1<4), (4) 

apn = ay, (5) 

and it is obvious from the inductive assumption and (3), (4), (5) that rite ae iu 


Ay 
are positive integers which are independent of x, and so the lemma holds form = k+1. This 


completes the proof of Lemma 1. 
Now we complete the proof of the theorem. From Lemma 1 we know that for any positive 


integer k, there exist positive integers a,,a2,--- ,@,—1 such that 
k-2 
pe! = (p—1)(p—2)---(p—k+1) + > ay(p—1)(p— 2)---(p—k+14+1) + ay-1. 
l=1 
Hence 
k-2 


p* = p(p—1)(p— 2)---(p—k+1)+ >. ap(p—1)(p—2)---(p—k+14+1)+a,-1p. (6) 
l=1 
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Note that a1, a2,--- ,a@,—1 are independent of p and p is a prime large enough, from the definition 
of S'(n) we have 
S(p") = kp, 
S(p(p — 1)(p— 2)---(p—k+1)) =p, 
S(ap(p — 1)(p -—2)---(p—k+1+1))=p, (LSI <k—-2) 
S(ax—1p) = D- 

From these equations and (6) we know that m, = p(p — 1)(p — 2):--(p —k 41), migi = 
ap(p — 1)(p—2)---(p—k+14+1) (1 <1 <k-2), mp = ag_ip is a solution of (1), and (1) 
has infinity positive integer solutions because p is arbitrary. 

The second proof of the theorem is based on the Vinogradov’s three-primes theorem which 
we describle as the following: 


Lemma 2. Every odd integer bigger than c can be expressed as sum of three odd primes, 
where c is a constant large enough. 
Proof. (see §20.2 and §20.3 of [2]). 
Lemma 3. Let odd integer k > 3, then any sufficiently large odd integer n can be expressed 
as sum of k odd primes 
n= pi + po+--++ De. (7) 


Proof. We will prove this lemma by induction. From Lemma 2 we know that it is true 
for k = 3. If it is true for odd integer k, then we will prove that it is also true for k+ 2. In 
fact, from Lemma 2 we know that every sufficient large odd integer n can be expressed as 


n =p) + p® + p@), 
and we can assume that p“) is also sufficiently large and then satisfying 
p = pit pot--++ Drs 


so we have 


This means that n can be expressed as sum of k + 2 odd primes, and Lemma 3 follows from 
the induction. 
Now we give the second proof of the theorem. From Lemma 3 we know that for any odd 


integer k > 3, every sufficient large prime p can be expressed as 


P=Ppit pot-:++Dr. 


So we have 


S(p) = S(pi) + S(pa) +++: + S(pe). 


This means that the theorem is true for odd integer k > 3. 
If k > 4 is even, then for every sufficiently large prime p, p — 2 is odd, and by Lemma 3, 
we have 


p-2=p,+pot-::+ pri, 
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so 
p=2+pi t+ pet-::+ pei, 


or 
S(p) = S(2) + S(p1) + S(p2) + +++ + S(pe-1). 


This means that the theorem is true for even integer k > 4. 
At last, for any prime p > 3, we have 


S(p*) = S(p? — p) + S(p), 
so the theorem is also true for k = 2. 


This completes the second proof of Theorem. 
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§1. Introduction 


In one of my many experiments with numbers I found an interesting property which I will 
describe in everyday terms before going into a more formal analysis. Imagine a circular putting 
green on a golf course. A golfer wants to practice putting from the edge of the green. He 
therefore drops a large number of golf balls on the very edge of the green. He then stands on 
the edge of the green and is struck by the thought What might be the average distance from 
here to all these golf balls? We measure with the radius of the green as unit and consider the 
diameter of a golf ball as negligible. The amazing result is that: the average distance is A = 4 
Of course, this result was not obtained by experimentation but through formal treatment of a 
related problem [1]. But its similarity with the famous Buffon’s needle experiment [2] makes it 
interesting to compare the estimation of | obtained by simulating the two experiments. This 
will be done at the end of the article. 


§2. A problem and its solution 


From a fixed point A(a,0) of a circle C, what is the average distance of all points on the 
circumference of C? 


ee ee 8g 
AL ~, 
oo 
WEN % 
/ \ \. 
i . 4 
/ bay a \ 
i ie \ 
i Ks t 
Y ! 
= VV EIS OT STE MIVEN SHWE RENENS Siawerevrmenewneren te ea196 : | 
0.0} ALG) 
Figure 1. Figure 2. 


With notations in figure 1 we have (with r = 1) 


Vol. 1 A Random Distribution Experiment 81 


d = (a? +1-—2acosy)?. (1) 


To begin with let’s consider discrete points on the periphery by dividing the circumference 
into n equal arcs, each occupying the angle a = 2m Let d, be the kth arc. 


i 
2 


dp = («2 +1 ~ 2000s) , (2) 
For the average distance we have 
An = é So dk. (3) 
n 
The result of implementing (3) for a = {0,0.1,--- ,0.9,1.0} with n = 1024 is shown in 


table 1. The convergence of the average with increasing values of n for a = 1 corresponding to 
figure 2 is shown in table 2 and figure 3. As is seen A, converges rapidly. Five correct decimals 


are obtained already for n = 1024. 


Ca [as [om [am | 00 [ 100 | 


Table 1. 


Table 2. 


Figure 3. Average distances corresponding to n = 4,8, 16,32,--- , 2048. 
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For a=1, which corresponds to figure 2, formula (2) takes the form 
k 
dy = 2sin—. (4) 
nr 


Consequently, we have the following expression for the average 


Figure 4. 


As P moves along the periphery of the semi-circle in figure 4 the angle v moves from 0 to 
a. If we choose v randomly in the interval 0 < v < 7 what value do we expect for AP = d? This 
expectation value E corresponds to the classical average which deals with a discrete random 
variable. In our case we have d = 2sinv. FE is calculated from 
2 lee dsinvdvy 4 


7 = = © 1.2732. 7 
[rd = (7) 


E 
From (6) and (7) we now obtain the interesting result 


“kn 2 
lim — \“sin— ==. (8) 


This result has been obtained through a geometric consideration and a simple integration. 
It would be interesting to compare this with a proof of this formula by analytical means. 


§3. Analytical proof of (8) 


Consider the complex expression 


ieee ( i ae =) 
S=- cos — + isin — 
erase n n 
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to which we apply Euler’s formula 


eae kr kr ie ikn 
sS=-5 — +isin — =-)5 nm 9 
= (cos - +isin =) Boe (9) 


k=1 


Adding the geometric series we get 


1< k k count 2 
5 = 15> (cos + isnt) = R=) -_2 (10 
Wes me ne n(em —1)  nlem — 1) 
It remains to consider lim n(ew —1). We apply Euler’s formula again. 
lim n(e=" —1) = lim n (cos La ee isin =) (11) 
noo noo nN nN 


We only need to the first two terms of each power series of the trigonometric functions to obtain 


li ( pam LSS 1) li 1 7 1 . 7 7 0 ‘ 
n—-Cco jee © n22 : nr n33 : 


Inserting this and taking the limit as n — oo in (10) we get 


2 2O+in) 2 
li = = = 12 
peat O-in O0-i?7? T (2) 
and as it is the imaginary part we have 
1. kr 2 
lim — )°sin— ==. (8) 
noo 1 
k=1 


Comparing this with the simple way in which the result was found earlier it’s like using a sledge 


hammer to kill a mosquito. 
§4. Simulation experiments 


A frame work in which we can compare simulation experiments for Buffon’s needle ex- 
periment, which will be described below, and our golf ball experiments will be set up. I will 
henceforth refer to the two cases as Needles and Golf Balls respectively. The same random 
number generator is used and randomized in the same way in the two experiments. Programs 
are written in UBASIC. Ten experiments were carried out in each case. In each experiment 
1000000 needles respectively 1000000 golf balls were dropped. 

4.1 Buffon’s needle experiment and simulation of 7 

A needle of length L is tossed at random onto a plane ruled with parallel lines a distance 
d apart. L < d. If the needle is tossed a sufficiently large number of times then the ratio A 
between the number of times the needle intersects a line and the total number of tosses will be 


described by 


21 2L 
= or T= — (12) 


ae Ad 
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Refer to figure 5. The problem is invariant on horizontal translations P — Q of the type 


xv’ = x +nd, where d is the distance between the lines parallel to the Y-axis and n is any 
integer. The problem is also invariant on vertical translations (Q — R) in the system OXY. 
Without affecting the problem we can therefore perform the translations P > Q — R(r,0) so 
that 0 < r < d with conservation of the angle v which lies in the interval —7/2 < v < 7/2. No 
restriction is imposed on the problem by putting the length of the needle L = 1 and consequently 
d>1. 


% 


Me ene 5) 


& 
so 


Figure 5. 


The needle intersects the Y-axis iff 


r<dcosv. (13) 


Our random variables are r and v. For each toss of the needle we have r = d x rnd and 
v =mxrnd—¥F where rnd are computer generated random numbers in the interval 0 < rnd < 1. 
In the program below the number of times M the needles intersects the Y — axis is counted 
for N tosses A = M/N is calculated and 7 is calculated from (12). The approximate value for 
m is denoted G in the UBASIC program listed below. 

10 ’simbuf, 040821 

20 open ”simbuf.dat” for create as #1 

30 D=1.2: L=1: N = 1000000 

40 for J = 1 to 10 

50 pause:randomize 

60 M=0 

70 for [=1to N 

80 V = pi(1) * rnd — pi(0.5) 

90 X = Dxrnd 

100 if X < L«cos(V) then inc M 

110 next 

120 A=M/N 

130 G=2x*L/(D* A) 

140 print using(10,5), G:print #1 using(10,5),G 

150 H=H+G 

160 next 
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170 
180 
190 
200 
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P= H/10 

print:print using(10,5), P; pi(1); P — pi(1) 

print #1:print #1 using(10, 5), P; pi(1); P — pi(1) 
close ##1:end 


This program was implemented 10 times with the following result: 
3.1465, 3.1382, 3.1438, 3.1452, 3.1444, 3.1450, 3.1397, 3.1424, 3.1412 and 3.1440. 
The average value 3.1430 is an approximation of 7 which differs with only 0.0014 from the 


value of 7. 


4.2 The golf ball experiment and simulation of 7 


From figure 4 we have d = 2sinv. Calculation is made for a random distribution of 1000000 


balls. The estimated value for 7 is denoted G in the self-explanatory UBASIC program listed 


below. 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 


’simgolf, 040821 
open ”simgolf.dat” for create as #1 
M =10 
for J=1to M 
pause:S = 0 
randomize 
N = 1000000 
for T=1to N 
V =2 x pi(1) «rnd 
if S=S+2xsin(V/2) 


next 
Ave = S/N 
G = 4/Ave 


print #1 using(10,5),G 
print using(10,5),G 


H=H+G 
next 
P=H/M 


print:print using(10,5), P; pi(1); P — pi(1) 
print #1:print #1 using(10, 5), P; pi(1); P — pi(1) 


end 


Iran this program 10 times with the following results: 
3.1431, 3.1421, 3.1429, 3.1412, 3.1422, 3.1413, 3.1422, 3.1399, 3.1404 and 3.1407. 
The average value 3.14162 is correct to 4 decimals, fairly good approximation for 7. The 


difference from the true value (to 5 decimals) is only 0.00003. 


§5. Needles and Golf Balls - Comparison 


The simulation programs used earlier were adapted for multiple runs, 100 in each case. 


Each run consists of tossing the needle and the golf ball 10000 times each. The average and 
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standard deviation were calculated in each case. In addition the frequency of simulation values 
of 7 for each interval of length 0.01 was represented in staple diagrams in figures 6 and 7. 

Figure 6 shows the result for needles: Average simulation result for 7 ¥ 3.1435. Standard 
deviation = 0.0287. The difference between the simulation result and 7 (to four decimals) is 
0.0019. 

Figure 7 shows the result for golf balls: Average simulation result for 7 + 3.1413. Standard 
deviation = 0.0148. The difference between the simulation result and 7 (to four decimals) is 
0.0003. 

At first sight it is surprising that d in (12) can be chosen arbitrarily as long as it is not 
smaller that L. The explanation is that the larger we choose d the larger will be the standard 
deviation, i.e. the trend curve in figure 6 will be flattened and a very large number of tosses 
will be required before ”the needle shows its preference for 7”. The simulation program was 
executed for d = 1.15 which by experimentation was found a reasonable choice. 

The golf ball experiment is much better behaved. For the same number of tosses the 


average is much closer to 7 with a trend curve that is closer to the average. 
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Frequency 


Simulation results 


Figure 6. 
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Figure 7. 
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spaces, the conception of multi-metric spaces is introduced. Some characteristics of multi- 
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81. Introduction 


The notion of multi-spaces is introduced by Smarandache in [6] under his idea of hybrid 
mathematics: combining different fields into a unifying field ((7]), which is defined as follows. 

Definition 1.1 For any integer i,1 <i <n let A; be a set with ensemble of law L;, and the 
intersection of k sets A;,,Ai,,--- , Ai, of them constrains the law I(A;,,Ai,,--- ,Ai,). Then 
the union of Aj, 1<i<n 


n 
A= VA 
i=1 
is called a multi-space. 
As we known, a set M associative a function p: Mx M — Rt = {x|a2€R,x> O} is 
called a metric space if for Vz, y,z € M, the following conditions for the metric function p hold: 


(1) (definiteness) p(x,y) =0 if and only if x = y; 

(ii) (symmetry) p(x, y) = ply, x); 

(itt) (triangle inequality) p(x,y) + ply, z) > p(x, z). 

By combining Smarandache multi-spaces with classical metric spaces, a new kind of spaces 


called multi-metric spaces is found, which is defined in the following. 


halk: m 
Definition 1.2 A multi-metric space is a union M = M; such that each M; is a space 
i=l 
with metric p; for Vi,1<i<m. 


ta3 m 
When we say a multi-metric space M = (J M;, it means that a multi-metric space with 
i=1 
metrics ~1, P2,°°* ; Pm such that (M;, p;) is a metric space for any integer 1,1 <i < m. Fora 
~ m ~ Pes 
multi-metric space M = U Mi, « € M and a positive number R, a R-disk B(x, R) in M is 


w=1 
defined by 
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B(x, R) = { y | there exists an integer k,1 <k <m such that pz(y,xz) < R,y € M} 


The main purpose of this paper is to find some characteristics of multi-metric spaces. For 
terminology and notations not defined here can be seen in [1] — [2], [4] for terminologies in the 
metric space and in [3], [5] — [9] for multi-spaces and logics. 


§2. Characteristics of multi-metric spaces 


For metrics on spaces, we have the following result. 

Theorem 2.1. Let pi, p2,--: ,Pm be m metrics on a space M and F a function on E™ 
such that the following conditions hold: 

(i) F(a1,%2,°++ ,&m) > F(yi,y2,°++ Ym) of for Vi, L<ti<m, a; > 5 

(it) F(a1,22,°++ ,&m) =0 only if v4 = 4g =--+ = Xm = 0; 


(iti) For two m-tuples (x1, %2,°-+ ,@m) and (y1,Y2,°"* ,Ym); 


F( #1, £9,°** 1m) + Fy, yas-*: ta) > F(a, + 1,024 Yyo,°°: ie a)» 


Then F(p1, p2,°+* ; Pm) ts also a metric on M. 

Proof. We only need to prove that F'(p1, p2,--- ,Pm) satisfies the metric conditions for 
Vr,y,zEM. 

By (tt), F(pi(2, y), p2(@,y),°*+ »Pm(x,y)) = 0 only if for any integer 7, pi(a,y) = 0. Since 
p; is a metric on M, we know that x = y. 

For any integer i,1 <i < m, since p; is a metric on M, we know that p;(x,y) = pi(y, 2). 
Whence, 


F(pi(2,y); 02(2,Y),*** , Pm(2,y)) = F(pily, 2), 02(y, 2), +++ , Pm(y, £))- 
Now by (2) and (#i), we get that 


F(pi(@, y), 02(@,9),** » Pm(x,y)) + F(o1(y, 2), p2(¥s Z), °° » Pm(Y; 2) 
F(pi(2,y) + erly, 2), P2(@,Y) + P2(Ys Z)s° ++» Pm(2,Y) + Pm(Y, 2)) 
2 F(px(2, 2), p2(a,2),-** + PrlZ, 2) 


Therefore, F'(p1, 92,--: , Pm) is a metric on M. 
Corollary 2.1. If 91, p2,--- , Pm are m metrics on a space M, then p, + po +--+: + pm 


PL_4 _P2 4 ,,, 4 _Pm_ gy , eng 
and yo tite 7 + 743, are also metrics on M. 


a m ~ 
A sequence {x,,} in a multi-metric space M = ) M; is said convergence to a point x,x € M 
i=1 
if for any positive number e > 0, there exist numbers N and i,1 <7 < m such that ifn > N 


then 


pi(@n, vt) < €. 
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If {x,} convergence to a point z,x € M , we denote it by lima, = az. 
n 
We have a characteristic for convergent sequences in a multi- metric space. 


Theorem 2.2. A sequence {xp} in a multi-metric space M = U M, is convergent if and 


only if there exist integers N and k,1 < k < m such that the Sibsaqende {z,|n > N} is a 
convergent sequence in (Mx, px). 

Proof. If there exist integers N and k,1 <k <m, such that {x,|n > N} is a convergent 
subsequence in (Mz, p;), then for any positive number € > 0, by definition there exists a positive 
integer P and a point 2,2 € My such that 


Pr(&n,x) < € 
ifn > max{N, P}. 
Now if {z,,} is a convergent sequence in the multi-space M, by definition for any positive 


number ¢€ > 0, there exist a point x,x € M and natural numbers N(e) and k,l <k <m such 
that ifn > N(e), then 


Pr(@n, x) < €, 
that is, {a,|n > N(e)} Cc Mi and {z,|n > N(e)} is a convergent sequence in (Mg, px). 


Theorem 2.3. Let M = U M, be a multi-metric space. For two sequences {an}, {yn} 
i=l 


in M, if limz, = Zo, limyn = yo and there is an integer p such that xo,yo € Mp, then 
n n 


lim pp(2n+ Yn) = Pp(®o; Yo). 
Proof. According to Theorem 2.2, there exist integers N, and No such that if n > 
max{N,, No}, then tn, Yn € Mp. Whence, we have that 


Pp(Ln Yn) < Pp(Ln; Lo) + Pp(Lo, Yo) + Pp(Yn+ Yo) 


and 


Pp(Zo, Yo) < pl a x9) + Pal Pre Yn) a Po(Yns Yo): 


Therefore, 


[Pal Pasta) _ Pp(Xo, Yo) | < fel fx, Bo) a Pp(Yn, yo): 


For any positive number ¢ > 0, since lim In = Xo and lim Yn = Yo, there exist numbers 
Ni(e ), Ni(e) = Ny and No(e ), No(e ) > No such that p(n, 0) < 5 if n Pa Ni(e) and 
Pro(Yns Yo) < § ifn > No(e). Whence, ifn > maxr{Ni(e), No(e)}, then 


[Po (@ns Un) — Pel®o,¥o)| <<. 


Whether a convergent sequence can has more than one limit point? The following result 


answers this question. 
tase m 
Theorem 2.4. If {xn} is a convergent sequence in a multi-metric space M = () Mi, 
i=1 
then {x,} has only one limit point. 


90 Linfan Mao No. 1 


Proof. According to Theorem 2.2, there exist integers N and i,1 < i < m such that 
In € M; ifn > N. Now if 


lima, = x, and limz, = 42, 
n n 


and n > N, by definition, 


0 < pi(z1, £2) < pi(%n, 21) + pi(an, £2). 


Whence, we get that p;(x1, 22) = 0. Therefore, 71 = x2. 
Theorem 2.5. Any convergent sequence in a multi-metric space is a bounded points set. 


Proof. According to Theorem 2.4, we obtain this result immediately. 


sino m 
A sequence {z,} in a multi-metric space M = |) M; is called a Cauchy sequence if for any 
i=1 
positive number ¢ > 0, there exist integers N(e) and s,1 < s < m such that for any integers 


m,n > N(€), ps(@m,En) <€. 
oes m 
Theorem 2.6. A Cauchy sequence {xp} in a multi-metric space M = |) M; is convergent 


if and only if for Vk,1<k <m, |{an}(] My| is finite or infinite but fig} FM is convergent 
in (Mk, pk). 

Proof. The necessity of these conditions is by Theorem 2.2. 

Now we prove the sufficiency. By definition, there exist integers s,1 <s < mand Nj, such 
that rz, € M, ifn > Ny. Whence, if |{vn}() M;| is infinite and lim{z,,}(]M;, = x, then there 
must be k = s. Denoted by {an }() My = {@K1,0K2,°°* 5 Vens } 

For any positive number ¢€ > 0, there exists an integer No, No > N, such that p,(a@m,@n) < 
§ and pr(ten,t) < § if m,n > No. According to Theorem 4.7, we get that 


Piel Pag) X Pel Pay Bin) > Pelt e) Se 
ifn > No. Whence, lim x, = x. 
n 


A multi-metric space M is said completed if every Cauchy sequence in this space is con- 
vergent. For a completed multi-metric space, we obtain two important results similar to the 


metric space theory in classical mathematics. 


Theorem 2.7. Let M = U M; be a completed multi-metric space. For a €-disk sequence 
i=1 
{Bl€n,Un)}, where €, > 0 forn =1,2,3,---, the following conditions hold: 
(¢) Bla1, 21) D Bes, 22) D Bles, 23) D +++ D Blen, En) D--+5 
La li n=O. 
Vie 
+00 
Then () Blén, Ln) only has one point. 
n=1 
Proof. First, we prove that the sequence {z,} is a Cauchy sequence in M. By the 
condition (i), we know that ifm > n, then tm € Blém,&m) C Blén,&n). Whence, for 
Vi, L<t<m, pi(tm,tn) < én if Um, Ln © MG. 


For any positive number ¢, since lim e,, = 0, there exists an integer N(e) such that ifn > 


n—-+00 


N(e), then €, < ¢. Therefore, if 2, € Mj), then limz,, = x,. Whence, there exists an integer 
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N such that if m > N, then x» € M; by Theorem 2.2. Take integers m,n > max{N, N(e)}. 
We know that 


Pil Gra Wal Sey <-e 


So {xy} is a Cauchy sequence. 
By the assumption, M is completed. We know that the sequence {xz,,} is convergence to a 


point z9,29 € M. By conditions (i) and (iz), we have that pi(%o0,%n) < €n if we take m — +00. 
+00 
Whence, 29 € [) Blen, rn). 
=1 
n a 
Now if there a point y € () B(en, an), then there must be y € M;. We get that 


n=1 


0< pily, 20) =limpi(y,an) < lim e, =0 


n—+0o0 
by Theorem 2.3. Therefore, p;(y, Zo) = 0. By definition of a metric on a space, we get that 
Y= to. _ as _ a 
Let M; and Mz be two multi-metric spaces and f : M, — M2 amapping, vo € M4, f(xo) = 
yo. For Ve > 0, if there exists a number 6 such that for foralla € B(6,29), f(a) = y € Ble, yo) C 
Mp, i.e., 


f(BO, x0)) Cc Ble, yo), 


then we say f is continuous at point xo. If f is connected at every point of Mm, then f is 
said a continuous mapping from M, to Mg. 
For a continuous mapping f from M, to Mz and a convergent sequence {x,} in My, 


lim 7, = Xo, we can prove that 
n 


lim f(t) = (to). 


~ m ~ ~ 
For a multi-metric space M = (J M; and a mapping T : M — M, if there is a point 
i=1 


v* € M such that Tx* = 2*, then 2* is called a fixed point of T. Denoted by #®(T) the 
number of all fixed points of a mapping JT in M. If there are a constant a,l < a < 1 and 
integers 7,7, 1 < i,j <m such that for Vz,y € Mj, Tx,Ty € M; and 


Pj (Pz, Ty) < api(x, Y), 


then T is called a contraction on M. 


Theorem 2.8. Let M = U M; be a completed multi-metric space and T a contraction 
i=l 


on M. Then 


1 <* G(T) <m. 


Proof. Choose arbitrary points 29, yo € Mj, and define recursively 


Lp] = TZn, Ynt1 = Tin 
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for n = 1,2,3,---. By definition, we know that for any integer n,n > 1, there exists an 
integer 7,1 <i <m such that xp, yn € M;. Whence, we inductively get that 


0 < pil@n, Yn) < a" p1(Zo, Yo). 


Notice that 0 < a <1, we know that lim a” =0. Therefore, there exists an integer 79 


n—+00 
such that 


p;, (lim zp, lim y,,) = 0. 


Therefore, there exists an integer Ny such that @n, Yn € Mi, ifn > Ni. Now if n > Ni, we 
have that 


Pio (2n4+1; Un) = Pio (T@n, TXn-1) 


< Apion (Ln, Ln—1) = OPio(Ttn-1,T2n—2) 


IA 


OF fi, (ei the 3) Retes a1 9, (aN, 41, £N;)- 


and generally, form >n > Ni, 


Pio (tm, La) < Pio (an, En41) + Pio (@n41, n+2) aie (Baa, Ta) 
< (a +0"? +--+. +0") pi. (fy 41,2) 
Q” 
< 


To gPio (tui +1, 2m) — 0(m,n — +00) 


Therefore, {z,,} is a Cauchy sequence in M. Similarly, we can prove {Yn} is also a Cauchy 
sequence. 


Because M is a completed multi-metric space, we have that 


lim ry = lim yp, = 2”. 
nm n 


We prove z* is a fixed point of T in M. In fact, by p;, (lim a,, lim y,) = 0, there exists an 
n n 
integer N such that 


Ln Yn, LIn,Tyn € Mi, 


ifn > N+1. Whence, we know that 


0S pig(2*,T2*) 


IA 


Pig (2", En) + Pio (Gasle) + Pio (Casta) 
Pio(2*, Xn) + Afio (Yn—1, 2") + Pio(Ln, Yn): 


IA 


Notice 


lim Pig (Z",2n) = lim Pig (Yn-1; 2") = lim Pip (Zn, Yn) = 0. 
n—-+oo n—+00 n—++0o 
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We get that p;,(2*,Tz*) =0, ie. Tz* = 2*. 
For other chosen points uo, vp € M1, we can also define recursively 


Unt1 =TUn, Un4i = TVn 


and get the limit points lim wu, = lim vp, = w* € M;,,Tu* € M;,,. Since 
nm n 


Pio (2*,u*) = falls Tu") < APio (2*,u*) 
and 0 <a <1, there must be z* = u*. 
Similar consider the points in M;,2 <i <m, we get that 


1 <# OT) <m. 


Corollary 2.2.(Banach) Let M be a metric space and T a contraction on M. Then T 
has just one fixed point. 


§3. Open problems for a multi-metric space 


On a classical notion, only one metric maybe considered in a space to ensure the same on 
all the times and on all the situations. Essentially, this notion is based on an assumption that 
spaces are homogeneous. In fact, it is not true in general. 

Multi-Metric spaces can be used to simplify or beautify geometrical figures and algebraic 
equations. One example is shown in Fig.1, in where the left elliptic curve is transformed to the 
right circle by changing the metric along x, y-axes and an elliptic equation 


a see 

a2 be 
to equation 

a? fy? =r? 


of a circle of radius r. 
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Fig.1 


Generally, in a multi-metric space we can simplify a polynomial similar to the approach 
used in projective geometry. Whether this approach can be contributed to mathematics with 
metrics? 

Problem 3.1 Choose suitable metrics to simplify the equations of surfaces and curves in 
E*. 

Problem 3.2 Choose suitable metrics to simplify the knot problem. Whether can it be 
used for classifying 3-dimensional manifolds? 

Problem 3.3 Construct multi-metric spaces or non-linear spaces by Banach spaces. Sim- 


plify equations or problems to linear problems. 
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Abstract For any positive integer n, let a(n) denotes the square complements of n. That is, 
a(n) is the smallest positive integer such that na(n) is a perfect square number. In this paper, 
we use the analytic method to study the number of the solutions of the equation involving 


the square complements, and obtain its all solutions of this equation. 


Keywords Solution; Square complements; Equation. 


§1. Introduction and Result 


For any positive integer n, the square complements a(n) is defined as the smallest positive 
integer such that na(n) is a perfect square. For example, a(1) = 1, a(2) = 2, a(3) = 3, a(4) = 1, 
a(5) =5.---. In problem 27 of [1], Professor F.Smarandache asked us to study the properties 
of a(n). About this problem, some authors had studied it before. For example, Liu Hongyan 
and Gou Su [2] used the elementary method to study the mean values of a(n) and any Yang 
Haiwen and Guo Jinbao [3] gave some asymptotic formulae, one of which is: 

a C(2(¢+1)) a att+s 
do” a‘(n) = lattt ica” Tete Oger), 
where a and ¢ are positive integers, ¢(s) is the Riemann zeta-function. 

In this paper, we use the analytic method to study the number of the solution of the 
equation involving square complements, and give all solutions of the equation. That is, we will 
prove the following: 

Theorem. The equation 


k=1 


has only three solutions, they are n = 1, 2, 3. 


§2. Some lemmas 


To complete the proof of the theorem, we need the following lemmas. 
Lemma 1. Let x be a real number with x > 1 and m be a positive integer with m > 1. 


Then we have the following estimate: 
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Proof. From the Euler’s summation formula, we can easily obtain 
1 ” dt “t— et _ 
Sa f mom f Shay 
nm 1 tm 1 ¢mtl gm 
1 


n<ux 
iia ~ t—[t] ~~ t—([t] x — [a] 
= 1 dt dt 
l—m aa” mf ptt +m [ prt em 


m 
(m—1)a™-1? 


> ¢(m)— 


where we have used the identity ( see [4]) 


1 © ¢— [ej 
¢(m) =1- =m f oaai tt. 


l-—m 
This completes the proof of Lemma 1. 
Lemma 2. For any integer number n > 1, we have the estimate: 


S¢ alk) > sn (5ct2) + 3) ni (scm) . 


k=1 


n 


Proof. From the definition of a(n), the Euler’s summation formula (see [4]) and the 
properties of the Mobius function, we can get 


Yah) = Yk = YO Cmd= YY eug Yh 


k<n m2k<n m2d2h<n m2d2<n hsToe 
2 
2 n n n n 1 n NM s9 
= x @uld) (sat soe mid? mage o\Gaae! (2) 
m2d2<n 
n? u(d) 1 1 d? 
7G. De gh se a OF a 
m2d2<n mda<n m2d2<n 
n? 1 p(d) x los 
oe 2asge ta ge Oe 
miJ/n d< 
and 
yd) — > u(d) 11 ml lm 
Oe > 
2 2 2 
2 Oe Pr Vn Va 


k<n miJ/n 
n? 1 one i eos 
~  3¢(2) DG a ge 
mV/n miV/n 

n2 4 3 e eg 

4 2)n? — <n? 

> (ca) = 5 c(2)nt — End 

2 


7 xr (Fee) +5) m8 ole 


This completes the proof of Lemma 2. 
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§3. Proof of the theorem 


Now we complete the proof of the theorem. We will discuss it into two cases: 
(i). If met) is a square free number, then from the definition of a(n) we have 


n(n +1) 
2 


n(n + 1) 


a( y= 


Note that a(n) < n, so we may immediately obtain 


Salt ca (MEY), 


k=1 


and the equality holds if and only if each a(n) on the left side satisfying a(n) =n. So we can 
easily get three solutions of the equation: n = 1, 2,3 in this case. 
(ii). If antt) has no square divisor, then from the definition of a(n) we have the following 


estimate: 
(uae 2 n(n + 1) 
a 5 < er 
From Lemma 2 and note that ¢(2) = us ¢(4) = ue we have 
” C4) 5 (3 1\ 3 2 3g 3 4 
k 2)4 : 
ma )> ac(ay” 564 ) re he 3¢(2) n> aon 3n? 9” 
We can easily obtain 
4 1 
an? 3n2 ria mnt ) if n> 361. 


Thus there is no solution for the equation 


n 


Salk) =a (a) , if n> 36l. 
k=1 
If n varies from 4 to 361, we can not find any other solutions for the equation. 
This completes the proof of the theorem. 
Now we give the calculating programm as following: 
#include<stdio.h> 
#include<math.h> 
//function 
int get(int n) 
{int i,m; 
float. g; 
for(i=1l;i< n;i++) 
{g=sqrt(i*n);m=(int)g; 
if(g-m==0)return i; 
} } 
main() 
{int n=361 ; 
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int sum; 

int i,j; 

for(i=1;i< n;i++) 

{sum=0; 

for (j=0;j< ij ++) sum=sum-+get(j); 
if(sum==get(i*(i+1) /2)) 
printf“%d\n” ,i);}} 
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Abstract A new arithmetical function is introduced, and an interesting asymptotic formula 


on its mean value is given. 
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§1. Introduction 
For any fixed positive integer n, the new arithmetical function has the following definition: 
Si(n) = max{x € N | 2* | n} (Vn € N*). 
Because 
(Va,b € N*)(a,b) =1=> S,(ab) =max{ax € N|x* | a} -max{x € N|x* | b} 
= Sz(a) - Sx (0), 


and 
Si(p%) = ple! 
where |x| denotes the greatest integer not more than x. Therefore, if mn = p{'p5?---p?” is the 


prime power decomposition of n, then we have 


a an 
Sep Bs pe) = py eee * = Salo) = Selpy”). 


So S;,(n) is a multiplicative function. There are close relations between this function and 


the Smarandache ceil function, so we call S;,(m) as the dual function of the Smarandache 
ceil function. In this paper, we study the mean value properties of S;,(n), and give a sharp 
asymptotic formula for it. That is, we shall prove the following: 

Theorem 1. Let x > 2, for any fixed positive integer k > 2, we have the asymptotic 
formula 


S > Sx (n) = ptt O (x?+*) ; 


where ¢(s) is the Riemann zeta-function, € denotes any fixed positive number. 


n<ux 


Theorem 2. For k = 2, we have the asymptotic formula 

— 3 3B4¢ 
S > S2(n) =" aging +C +0(c ) j 
n<ux 


where C is a computable constant. 


'This work is supported by the N.S.F(60472068) and P.N.S.F of P.R.China 


100 Ding Liping No. 1 


§2. A Lemma 


To complete the proof of the theorems, we need the following famous Perron’s formula (See 
Lemma 8.5 of [1]): 


[oe) 


Lemma. Suppose that the Dirichlet series f(s) = Samia, s = 0+ it, converge 
n=1 
absolutely for o > 8, and that there exist a positive \ and a positive increasing function A(s) 


such that 
S> |a(n)|n-? « (2 - 8)", o > Br? 
n=1 


and 
a(n) < A(n), n=1,2,---. 


Then for any b>0,b+o0> £, and x not to be an integer, we have 


1 eee xe g? 
tye gy a xe 
Sain = LL to rertan 0 (peep) 
A(2x)x1~? 7) 
vo (4202) 
T || «|| 


where || x || is the nearest integer to x. 


§3. Proof of the theorems 


In this section, we shall complete the proof of the theorems. For any positive integer k > 2, 
let 


If R(s) > 1, then from the Euler product formula (See Theorem 11.6 and Theorem 11.7 of [3]), 


we have 


1 1 Pp Pp Pp Pp 
a I[(t+545-+ (Raye T pes + Dtetie TT Deas T poke 7 
Pp 


Pp Pp 
I 1 —_ ane Dp 1 = oi py 1 —_ ane 
ole ks yo 1 2ks 7 _ 1 
pole 29 tae ee lee 


2 3 
P Pp Pp 
I (2+ mor oe + Sie +") 


where ¢(s) is the Riemann zeta-function. 
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So by the Perron’s formula with so = 0, b= 3 and T = x, we have 


PP s)he 1) ey. Ande 
S > Sx(n) ae a. C(ks) 7 ds + O(22**), 


n<u 


To estimate the main term nk 
1 2? ¢(s)¢(ks — 1) 28 


Pia 
Qin 3-iT (ks) 


we move the integral line from s = 3 iT to s= $ +iT. This time, if k > 2, then the function 
C(s)¢(ks — 1) x 
f(s) — $le)6les =) 2° 
¢(ks) S 


has a simple pole point at s = 1 with residue . So we have 
3+iT s+iT 5-iT 3-iT 
C(ks — 1 = 
ed rT ee 
ia gi HiT +i1T 4-iT ¢(ks)s ¢(k) 


Note that 
a 1457 5-iT 2-7 C(k 
o, +f oe 2a dK gate, 
i 3+4iT +iT 5-iT ¢(ks)s 


from above we may immediately get the asymptotic formula: 


S- Sk (n = tet o(ei9). 


n<ux 


This completes the proof of T os 1. 
For k = 2, note that ¢(2) = %, f(s) = arene =" has a 2 order pole point at s = 1 with 
residue x (4 Ina+ CG), from the above we can also deduce that 


S- 32(n) =«(Sme+c) +0(c¥*), 


n<ux 


This completes the proof of Theorem 2. 
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Abstract The main purpose of this paper is using the elementary method to obtain some 
interesting identities involving the Bernoulli numbers and the Euler numbers. 


Keywords The Bernoulli and the Euler numbers; Identity; Elementary method. 


81. Introduction 


Let z be any complex number with |z| < 27. The Bernoulli numbers B,, and the Euler 
numbers £2, (n = 0,1,2,--+-) are defined by the following generated functions (See [1], [2] and 


[3]): 


z gt T 
= B,—, <a 1 
G- Ee bl<§ . 
and 
3 @) 
cosz  <~ *" (On)! 
For example, Bo = 1, By = -t, Bo = -i, By = -3: Be = ron Bg = mir Bio = -3, 
+++, Bons, = 0 for n > 1, and 
27* Box 24 
= (2k)!(2r + 1 — 2k)! 7 (2r)! 


holds for any integer r > 1 (See exercise 16 for chapter 12 of [4] ). Eg =1, Eo = 1, Ey, = 5, 
Eg = 61, Eg = 11385, Eyo = 150521, ---, and 


n 


So(-1)* (3?) Fy, =0, > 1, 


s=0 


The Bernoulli numbers and the Euler numbers have extensive applications in combinational 
mathematics and analytic number theory. So there are many scholars have investigated their 
arithmetical properties. For example, G.Voronoi first proved a very useful congruence for 
Bernoulli numbers, one of its Corollaries ( See [5] Proposition 15.2.3 and its Corollary ) is that 
for any prime p = 3 (mod4) with p > 3, we have 


s(-()) m= mn 
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where (a/p) denotes the Legendre symbol and m = (p+ 1)/2. Liu Guodong [6] obtained some 
identities involving the Bernoulli numbers. That is, for any integers n > 1 and k > 0, 


" f2n+1\ 2-275 (2n + 1)2?” 
- By 2 an 
(a) y ( 2j ) Qk+1)27- 7 ~ (ak-+ 1271 ys 
( ‘ OIn+1\ 2—235 Bo, = antl x ye 
La\ 25] e+ 2 Daley Trt A 


For the Euler numbers, Zhang Wenpeng [3] obtained an important congruence, i.e., 


0 (mod p), p= 1 (mod 4), 


Ep-1= 
—2 (mod p), p= 3 (mod 4). 


where p be a prime. 
Liu Guodong [7] proved that for any positive integers n and k, 


Ey =(-1 yr (1 )'i2” (mod (2k + 1)?). 


Other results involving the Bernoulli numbers and the Euler numbers can also be found in [8], 
[9] and [10]. This paper as a note of [6] and [7], we use the elementary method to obtain some 
other identities for the Bernoulli numbers and the Euler numbers. That is, we shall prove the 
following: 

Theorem 1. For any positive integers n and k, we have the identity 


Ee fe ar, Pat 4(n+1) < Qn+1 
a Je 2) Kye = aay oa 


Theorem 2. For any positive integers n and k, we have 


n k-1 

n = 2n E mrn rm 

Fan OH" CA 109 a =250 (1) * (mt 1)". 
t=0 m=0 


From Theorem 2 we may immediately deduce the following: 
Corollary 1. For any odd prime p, we have the congruence 


(ie 2 (modp), p = 3 (mod 4); 
= (he “VP (1, x2X4) (modp), p= 1 (mod 4), 


where x2 denotes the Legendre symbol modulo p, y4 denotes the non-principal character 
mod 4, and L(1, x2x4) denotes the Dirichlet L-function corresponding to character y2y4 mod 4p. 
This Corollary is interesting, because it shows us some relations between the Euler numbers 
and the Dirichlet [-function. From Corollary 1 we can also get the following: 
Corollary 2. For any prime p with p = 3 (mod4), we have the congruence 


Pp 
4 


E = (=) _ 2 (modp), if p=7 (mod 8); 
~  \p —2 (mod p), if p= 3 (mod 8). 
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§2. Some Lemmas 


To complete the proof of Theorems, we need the following three simple lemmas. First we 
have 
Lemma 1. For any integer n > 1, we have have the identities 


_ 1—cos2nz_ 


(A) 2 > sin(2m — 1)" = 


sin x 


= 1 — (-1)" cos 2na 
B 2 —1)” 2 1l)c= : 
(B) a )™ cos(2m + 1)a ae 


Proof. In fact, this Lemma is the different forms of the exercise 3.2.9 of [11], where is 


= sin(2m—l)x  /sinnex ° 
sin x ~ \ sing 


Note that 2sin? nz = 1 — cos 2nz, from the above we can deduce the formula (A) of Lemma 1. 
If we substitute x by 7/2 — y in (A), we may immediately get formula (B). 


Lemma 2. For any real number x with 0 < |z| < 7, we have the identity 


1 . n 2n Bon 2n-1 
me oo 1) (2 e@ )! 


Proof. (See reference [12]). 


Lemma 3. Let p be an odd prime, y be an even primitive character mod p. Then we 
have 


YH x(n) = 5, zx0), 


n<p/4 


min 


p-l 
where G(x) = S- x(n) eis the Gauss sums, ¥4 denotes the non-principal character mod 4, 
1 


and L(1, Xx) denotes the Dirichlet L-function corresponding to character Yx4 mod 4p. 
Proof. (See Theorem 3.7 of [13]). 


§3. Proof of the theorems 


In this section, we shall complete the proof of Theorems. First we prove Theorem 1. Note 
that 
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from Lemma 2 and (A) of Lemma 1 we have 


>Dy 1 
= (> 1)° (2 — 25) oe =) (: 5 yar 2 
= (> 1) (2— 2°) a =) (1 oe o) 
~ Se" (>: oa) ou ane ee) 


Comparing the coefficient of x?*++ on both side of (3), we get 


m —1) 2k+1 Bau (Qy jn 22 


k 
2 ~ (Qk+1)!~ =D 2") Gp Ok — 24D) 


t=0 


or 


k n 
2k +2 a Bo — 4(k+1) 2h+1 
2 ( ot ) 2-2") Gye = Cnr? 20 es 


This proves Theorem 1. 


Now we prove Theorem 2. From (2) and (B) of Lemma 1 we have 


II 
———N 
Mae 
& 

iw) 

vA 

WN 
iw) 
~S’ wD 
——~ 
sik 
Ms 

i 
a 
—|T~ 

i) 
a|= 
Z| Ww 
wD 

8 

bo 

wD 
My 


s— ¢ (2n)?*— - 78 
ani)” sani (4) 


= Bassi —(-1)"S0 


Comparing the coefficient of x?" on both side of (4), we may immediately deduce 


n—1 , k 


m (2m + 1)?* _ 1p) ntk—t Ex (QnyPe- 
2 _— (2k)! = Bh! d| ye (2t)! (2k — 28)! 

or . 
> ay ye y —t 7 Ex 


This completes the proof of Theorem 2. 
To prove Corollary 1, taking k = p and n = (p* — 1)/8 in Theorem 2 we may get 


2B on + (2p) So(—1)"* i) sai =2 30 (-)™" (2m +1)" 


m=0 


or 
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Eyo. = (-1)"= So (-1)™2m+ 1)" (modp). (5) 


m=0 


For any integer a with (a,p) = 1, from the Euler’s criterion (See Theorem 9.2 of [4]) we know 


that 
pol a 
a= ={[-—) (modp), 
() ¢ 7) 


where (a/p) = x2(a) is the Legendre symbol modulo p. 
By this formula we may get 


p+1 


J a\ 2 _ | 1 (modp), if p=3 (mod 4); 
( ) 7 (2) ( (mod p), if p=1 (mod 4). 6) 


P 


If p= 3 (mod4), note that (2) = 0, from (5) and (6) we can get 


0, from (5), (6) and Lemma 3 we may obtain 


21 ee p2-1 
Fa. = (-1)°F So(-)™@m4+1) 
* m=0 
p-1 
p2-1 m({2m+1 
= py Py (F*) (moay) 
m=0 - 
(p—1)/2 p-1 
p2-1 4 t 1 =~ 2 t 1 
= (-l) = {2 ( ) (= ) (modp) 
m=0 P m=0 2 


Il 
7 
Aa 

ksi 
i 
) 
~~ 
3/3 
Ne 

5 

ie} 

Q 
Ss 
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where @ denotes the solution of the congruence az = 1 (modp) and 4= +4”. 
This completes the proof of Corollary 1. 
Note. Using the exercise 3.2.7 and 3.2.8 of [11], we can also deduce the other identities 


and congruences involving the Bernoulli numbers and the Euler numbers. 
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Abstract Denote the binary quadratic form ax? + bry + cy” by (a,b,c) and its equivalent 
class by [a, b,c]. Let H(D) = {[a, b,c] | b? —4ac = D} and H4(D) = {[a, b, c]* | b? — 4ac = D}, 
denote h(D) and ha(D) as the order of H(D) and H4(D) respectively. Sun[” Quartic residues 
and binary qudratic forms”, Journal of Number Theory, 2005, 113(1)] conjectured that: Let p 
and q be the primes of the form 4k + 1 such that (7) = 1, where (7) is the Legendre symbol, 
then ha(—4pq) = ha(—64pq) = h(—4pq)/8. In this paper we find some counterexamples to 


the conjecture, thus disprove it. 


Keywords Binary quadratic form, Class number, Algorithms. 


81. Introduction 
A binary quadratic form f with discriminant b? — 4ac is a function f(x,y) = ax? + bry + 


P a b/2 x : 
cy? = ( xy ) »/2 , which is denoted more briefly by (a,b,c). We say f 
c y 


is primitive if gcd(a,b,c)=1. Two binary quadratic forms (a,b,c) and (a1, b1,c1) are said to be 
r 8s 
equivalent if there exits an integeral matrix C = of determinant equal to 1(i.e., with 


ru — st = 1) such that 


C = 


a b/2 x € i) ay b,/2 x 
G/2° -& y bi/2 a y 


ge.y)=( 2 y)c 


denoted as (a,b,c) ~ (a1, b1, ¢1). We denote the equivalent class of (a,b,c) by [a,b,c]. Let H(D) 
be the class group which consists of primitive, integeral quadratic forms of discriminant D, and 
let h(D) be the corresponding class number. Let H4(D) be the subgroup of H(D) consisting 
of the fourth powers of the classes in H(D) ,i.e., H4(D) = {[a,b,c|* | b? — 4dac = D} and let 
ha(D) be the order of H4(D). 

Z.H.Sun[2] posed several conjectures concerning the relations between h(D) and h4(D) for 
some special cases of D, one of them is 
Conjecture. [2,conjecture 8.4] Let p and q be primes of the form 44+1 such that G) = 1,where 


(%) is the Legendre symbol. Then h4(—4pq) = ha(—64pq) = h(—4pq)/8. 


, This work is Supported by the NSF of China Grant 10071001, the SF of Anhui Province Grant 01046103, 
and the SF of the Education Department of Anhui Province Grant 2002KJ131. 


Vol. 2 Counterexamples to a conjecture concerning class number of binary quadratic forms 109 


In this paper we give some counterexamples to above conjecture, thus disprove it. In 
section 2 we describe two algorithms for counting h(D) and h4(D) and in section 3 we tabulate 
some examples which are unfavorable for the conjecture. 


§2. Counting h(D) and h4(D) 


Let us now consider the problem of computing the class group H(D) for D < 0 as to the 
conjecture. Firstly we need the following: 
Definition. [1,Definition 5.3.2] A binary quadratic form (a,b,c) with discriminant D = b? — 
4dac < 0 and a > 0 is said to be reduced if either -a << b<a<cor0<b<a=ce. 
Lemma 2.1 [1,Proposition 5.3.3] In every class of binary quadratic forms with discriminant 
D <0 anda > 0 there exists exactly one reduced form. In particular h(D) is equal to the 
number of primitive reduced forms of discriminant D. 
Now we are ready to describe a procedure to compute h(D) with reduced forms. 
Procedure 1. Computing h(D); 
{Input a negative integer D, Output the class group H(D) and class number h(D)} 
Begin Bound«— [,/—D/3]; b —— D mod 2; 
h —— 1; output the form (1, b, (b? — D)/4); 
Repeat q <— (b? — D)/4; If b > 1 then a <— b else a —— 2; r -— q/a; 
repeat if if (q mod a=0) and (a? < q) and (gcd(a,b,r)=1) then 
begin If (a=b) Or (a? = q) or (b=0) Then 
Begin h —— h+1; output the form (a,b,q/a) End Else 
Begin h —— h + 2; output the form (a,b,q/a) and (a, —b,q/a) End 
end; a~— a+1;r— q/a 
until a? > q; b<— b +2 
Until b > Bound; output h = h(D) 
End. 
Before counting h4(D), Let’s recall the composition of two binary quadratic forms. 
Lemma 2.2 [1,Definition 5.4.6] Let (a;,b;,c;) € H(D)(i = 1,2). Set s = (b) + b2)/2,n = 
(by — b2)/2, and let u,v, w,d € Z be such that ua; + vag + ws = d= ged (a1, a2,8). Then the 


composition of the two elements as the unique class is [a3, b3,c3] = [a1, b1, ci][a2, 62, c2], where 
b2-D 
a3 = 13" , bg = bg + 242 (y(s = bz) = WC2), C3 — aes : 


According to lemma 2.2 one can describe a procedure to compute the fourth powers of the 
classes in H(D) (i.e. [a,b, c]*), as following: 
Procedure 2. Computing h4(D); 
{Input a negative integer D, Output the class subgroup H4(D) and its order h4(D)} 
Begin using Procedure 1 output H(D) and h(D); 
For every (a,b,c) € H(D) Do 
begin (a4, b4, ca) —— (a,b, c)*; output (a4, ba, cr); 
count different elments (a4, b4,c4)’s and output its number h4(D) 

end 

End. 
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§3. Disproof the conjecture 


Using above Algorithms, we seek some prime pairs (p,q) on computer and get many coun- 
terexamples to the conjecture. We tabulate some of them in table 1 and give an exact example. 
Example. Taking p= 17, q = 89, we have 
A(—4-17-89) = {(1,0,1513), (17,0,89), (2,2,757), (37,4,41), (37,—4,41), (11,8, 139), 

(11, —8, 139), (22,14, 71), (22,—14,71), (19,16,83), (19, —16, 83), 

(38, 22,43), (29, 26,58), (38, —22, 43), (29, -26,58), (34,34,53)}: 
H4(—4-17-89) = {(1,0, 1513)}; 
H(—64-17- 89) = {(1, 0, 24208), (16, 0, 1513), (17, 0, 1424), (89,0, 272)... 

(167, 144, 176), (167, —144, 176), (164, 148, 181), (164, —148, 181)}; 

H4(—64- 17-89) = {(1,0, 24208), (16,0, 1513)}, and 
h(—4-17-89) = 16; h4(—4- 17-89) = 1; 
h(—64- 17-89) = 64; h4(—64- 17-89) = 2. 
we can see h4(—4- 17-89) #4 h(—4-17-89)/8 and h4(—4- 17-89) 4 h4(—64- 17-89). 


Table 1: 

(p,q) | h(—4-p-q) | ha(—4-p-q) | ha(—64-p-q) | h(—4-p-q)/8 
(41, 73) 48 3 6 5 

(41, 113) 32 2 4 
(41, 337) 112 7 14 14 
(41, 353) 48 3 6 6 
(41, 401) 112 4 14 14 
(41, 433) 96 6 12 12 
(41, 449) iin 7 14 14 
(73,97) 64 4 8 8 
(73,137) 160 10 20 20 
(73,257) 128 8 16 16 
(73,353) 176 11 22 22 
(89,257) 48 3 6 6 
(89,409) 256 16 32 32 
(89,673) 240 15 30 30 
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Abstract Smarandache dual function S*(n) denotes the greatest positive integer m such 
that m!|m, where n denotes any positive integer. That is, S*(n) = max{m: m! | n}. In this 
S*(n) 


n@ 


paper, we studied the convergent property of the series a by using the elementary 


n=1 
methods, and obtained an interesting identity. 
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81. Introduction 


For any positive integer n, the famous Smarandache function $(n) is defined as the smallest 
positive integer m such that n | m!. That is, 


S(n) = min{m:n| ml}. 


It was introduced in [1] by Professor Smarandache, and he also asked us to investigate the 


properties of S(n). If n = pt'p5? ---pz* denotes the factorization of n into prime powers, it is 
easy to know that S(m) = max{S(p{"), S(p3?),--: ,S(pp")}. So, we can studied the properties 


of S(n) through S(p?‘). About the properties of S(n), many scholars have show their interest 
on it, see [2], [3] and [4]. For example, Farris Mark and Mitchell Patrick [2] studied the bounding 
of Smarandache function, and they gave an upper and lower bound for $(p%), i.e. 


(@—lo+1< 8S") < (@—1la+1+4 log, 0] + 1. 


Wang Yongxing [3] studied the mean value S- S(n), and obtained an asymptotic formula by 
n<ux 
using the elementary methods. He proved that: 


1 a fr 


In? x 
n<u 


Similarly, we introduce another function as following which have close relationship with the 
Smarandache function. It is the Smarandache dual function S*(n) which denotes the greatest 


positive integer m such that m! |, where n denotes any positive integer. That is, 
S*(n) = max{m:m! | n}. 
About this problem, J.Sandor in [5] conjectured that 


S*((2k — 1)\(2k+1)!) =q-1, 


'This work is supported by the N.S.F.(60472068) of P.R.China. 
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where & is a positive integer, qg is the first prime following 2k + 1. This conjecture was proved 
by Le Maohua [6]. 
S*(n) 


a 


co 
In this paper, we studied the convergent property of the series S- by using the 


n=1 
elementary methods, and obtained an interesting identity. That is, we will prove the following: 


Theorem. For any real number a < 1, the infinity series 


S S*(n 
za 


is divergent, it is convergent if a >1, and 


. S*(n) 3. 2 
>: no ¢(a) a (n)j@’ 
n=1 n=1 
where ¢(s) is the Riemann zeta-function. 
Taking a = 2 and a= 4 in our Theorem, we may immediately deduce the following: 


Corollary. For Smarandache dual function, we have the identities 


and 


§2. Proof of the theorem 


In this section, we will complete the proof of Theorem. For any real number a < 1, note 
that S*(n) > 1, and the series 
1 
ae 
n=1 


S*(n) 


co 
is divergent, so the series ) . 


n=1 


For any positive integer n > 1, there must be a positive integer m such that 


is also divergent if a < 1. 


n=m!-l, 


where | 4 0(mod m+ 1). So for a > 1, from the definition of S*(n), we can get 
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. S*(n) _ = a m 
Xe 2 2 ar 
m+1ql 
co co m 
7 2 ae 
m= l=1 
m+1fl 
“om a 1 
= »» (m!)o (>. Jo iy =| 


= ¢(a) & (m!)@ »D ((m+ ar) 
= 1 
= ¢(a) (1+ d, woe | 


This completes the proof of Theorem. 
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